Compile time sparse vectors in C++

Jaakko Järvi

University of Turku, Department of Computer Science,

Lemminkäisenkatu 14, FIN-20520 Turku, Finland

Turku Centre for Computer Science

TUCS Technical Report No 107

March 199 7

ISBN 951-650-988-6

ISSN 1239-1891

Abstract

Templates area powerful featureof C++. In this articlea templatelibrary for a special class of

sparsevectors is outlined. For thesevectors, thesparseness structureof thevectors can be

arbitrary but must beknown at compiletime. In this caseit suffices to storeonly thenonzero

elements of thevectors, no indexing information about thesparseness pattern is required. The

indexing information is contained in thetypeof thesparsevector as non-typetemplate

parameters. It is shown how common vector operators can beoverloaded for thegiven vectors.

With theseoperators it is possibleto writeabstract vector expressions between arbitrary sparse

vectors. When compiled theoperators yield codewhich performs only thenecessary elementary

operations between nonzero elements without any runtimepenalty for theindexing of zero and

nonzero elements. All indexing is performed at compiletimeresulting in very fast execution

speed. The vector classes are best suited for short vectors up to few dozens of elements.

Automatic differentiation of expressions is given as an exampleapplication for thesparsevector

library. It is shown how classes for automatically differentiablenumbers can bedefined with the

sparsevectors of thelibrary. A comparison against other vector representations gavesuperior

results in execution speed of differentiating few common expressions and camevery closeto the

calculation speed of symbolically differentiated expressions.

Keywords : sparse vectors , C++ templates , automatic differentiation

TUCS Research Group

Algorithmics Group

1. Introduction

Templates area powerful featureof C++. Templates areusually taken as a means to write

generic classes and functions, but wecan go beyond that. With clever usageof templates, it is

possibleto makethecompiler to performas an interpreter at compiletime. For instancecompile

timebounded loops and branching statements (if, switch) can bewritten using recursivetemplate

definitions and instancespecialisation. This kind of usageof templates is referred to as template

metaprograms [1].

In this report template metaprograms areutilised in definition of compile time sparse vector

(CTSV) classes. Thetermcompiletimeheremeans that thestructureof thevectors (thepositions

containing zero and non-zero elements) must beknown at compiletime. This is of coursea major

restriction, and thedefinition is not meant to serveas a general purposesparsevector

representation. Instead thedefinition yields very efficient codefor special applications wherethe

aboverequirement can befulfilled. It is first shown how common operations can beoverloaded to

producevery effectivecodein expressions of CTSVs and in the end of thereport it is shown how

CTSVs can be used with automatic differentiation [2].

Thetechniques presented takeadvantageof thenew templatefeatures present in thecurrent

draft standard of C++ [3], and are not necessarily implemented in all compilers yet.

1.1. Template metaprograms

In C++ theformal parameter of a templateclass can either bea typeparameter or a constant

expression of someintegral type. Theuseof constant expressions as templateparameters is a key

factor behind template metaprograms. As an exampleof a simpletemplate metaprogram,

consider the code in Listing 1.

template < unsigned int N>

class F {

public:

enum { val = N * F<N-1>::val };

};

class F<0> {

public:

enum { val = 1 };

};

Listing 1. A template metaprogram for calculating the factorial at compile time.

Thetemplateclass F is parameterised by a singleintegral templateparameter N . It contains only

an enumeration definition for theconstant val , which is intended to contain thefactorial of N . In

thedefinition of the enumeration constant val of theclass F<N> , the enumeration constant val

of theclass F<N-1> is used. Hence, thecompiler must instantiatetheclass F<N-1> beforethe

class F<N> can be instantiated. When encountering the instantiation of F<N> thecompiler

thereforetriggers the instantiation of F<N-1> , which will trigger the instantiation of F<N-2>

etc. The spesialisation for F<0> has been given, which ends therecursion. This all occurs at

compiletimeand the enumeration constant val will indeed begiven thevalue N! at compile

time.

Thefactorial definition serves as an exampleof compiletimeloop. Other control flow structures

can also bedefined. Listing 2 shows an exampleof a compiletimeif statement. Depending on

condition , which must bea compiletimeconstant expression, either statement1 or

statement2 is generated. Note, that thestatement function is defined as static, which enables theabovecall syntax wherea member function is called without an instantiated object of the

class.

// Class declarations

template< bool c>

class ifelse {};

class ifelse<true> {

public:

static inline void statement() { statement1; // true case}

};

class ifelse<false> {

public:

static inline void statement() { statement2; // false case }

};

// Usage

ifelse<condition>::statement();

Listing 2. Compile time if-statement

Compiletimeswitch statement can beimplemented analogously, using someintegral typeas the

templateparameter and giving specialisations for each caseof thevalue. Theintegral typecan be

an enumeration, so caselabels can beused. Thedefault caseis given as thegeneral template

definition. For an excellent introduction to template metaprograms see[1], which is also the

source of the previous examples.

1.2. Sparse vectors

A vector is called sparseif only a relativesmall number of its elements arenonzero. The

sparseness of vectors can betaken advantageof when storing or processing them. Instead of

storing all the elements of a vector, only thenonzero elements can bestored along with some

auxiliary information to determinethelogical positions of the elements in thevector. In addition

to space, also timecan besaved with sparsevectors, sincecertain elementary operations only

have to be performed to nonzero elements.

Basically a sparse vector x can be written as a set of value-position pairs:

x = (( , ), ( , ), . . . , ( , )) x i x i x i

i i i n n 1 2 1 2 .

With this notation we can e.g. write the sum of two sparse vectors (1,0,1,0,0) and (0,0,2,0,2) as

((1,1), (1,3)) + ((2,3),(2,5)) = ((1,1),(3,3),(2,5)).

As can beseen, instead of fiveadditions between the elements, only oneaddition and two value

copy operations areneeded to calculatetheresult. To performonly thenecessary elementary

operations, somekind of indexing schememust beused to find theright operands. This

bookkeeping causes some extra overhead and it is desirableto minimiseit. For an introduction to

various indexing schemes, see [4].

2. Compile time sparse vectors

If thepositions of thezero and non-zero elements of sparsevectors areknown at compiletime, it

is possibleto writevery efficient codefor performing operations with them. E.g. for the example

of section 1.2. thecodewould contain one elementary add operation and two moveoperations. It

is of coursetoo tedious to writethecodelikethat directly and in this section it is shown how the

code can be generated from abstract vector expressions using template metaprograms.

Thetemplatedefinitions tend to becomerather lengthy. Thereforethecodein this articleis

presented for floating point vectors instead of generic vectors. It is however straightforward to

generalise the class definitions by making the element type also a template parameter.

2.1. Representing CTSVs as C++ classes

An optimal representation for a sparsevector would contain only thenonzero elements and

nothing else. This means that no memory is allocated for thenonzero elements or for any kind of

indexing information!This optimal representation can in fact beachieved with templateclasses

wheretheindexing information will becontained in thetemplateparameters, i.e., in thetypeof

the vector. Hence each vector with a different sparseness pattern is a type of its own.

A special representation for a vector element is needed. Listing 3 shows thedefinition of the

class Elem , giving thedefinition for the element type. It has a singletemplateparameter N and

thegeneral class definition for any N is a class having no data members, just two constructors.

For N = 1 a specialisation is provided, containing a singledata member for storing a value.

Elem<0> is thereforean empty class, whereas Elem<1> is a class containing a singlefloating

point value. Other values than 0 or 1 for N arenot meant to beused. Thedefault constructor is

defined as not to do anything and theconstructor taking a singlefloating point is meant for

initialisation the element with a value. To givea uniforminterfacetheclass Elem<0> also has a

constructor taking a floating point value, though it performs no action.

template <unsigned int N>

class Elem {

public:

Elem<N> (float vv) {}

Elem<N> () {}

};

class Elem<1> {

public:

float value;

Elem<1>(float vv) : value( vv) {}

Elem<1>() {};

};

Listing 3. Elem-class.

Theactual CTSV is a collection of Elem<N> objects: Elem<1> objects in nonzero positions

and Elem<0> in zero positions. With this kind of element typedefinitions, weareableto store

empty classes, i.e., storenothing as thezero elements. It must benoted that depending on the

implementation, an empty class may not betotally empty. Most commonly a `dummy´ byteis

allocated for an empty object.

Thenext step is to includetheindexing information to specify thezero and nonzero positions.

This is also achieved with templateparameters. Notefirst, that a sparsevector x can be

characterised with a bit sequence b x , where`1´ corresponds to a nonzero element and `0´ to a

zero element respectively. As integral types can bemanipulated as bit patterns in C++, an

unsigned integer templateparameter can beused to represent thebit sequencein thegeneric

CTSV class definition. Thebit pattern of this templateparameter determines thenonzero

positions of theCTSV. Moreprecisely, Elem<1> typeobjects arestored at nonzero positions

and Elem<0> type objects at zero positions. The class definition is shown in Listing 4.

template <unsigned int N>

class CTSV {

public:

enum { bits = N };

Elem< N & 1 > head;

CTSV< N >> 1 > tail;

CTSV<N>(float v) : head(v), tail(v) {}

CTSV<N>(){};

CTSV< N >> 1 >& GetTail() { return tail; }

};

class CTSV<0> {

public:

enum {bits = 0 };

Elem<0> head;

CTSV<0>(float v) : head() {};

CTSV<0>(){};

inline CTSV<0>& GetTail() { return *this; }

};

Listing 4. CTSV-class.

Thedefinition is recursive. The head member holds thevalueof an element. Whether it will be

of type Elem<0> or Elem<1> is determined by theleast significant bit of thetemplate

parameter N. This can be examined by taking the bitwiseAND operation with 1. Hence, if the

least significant bit of the CTSVs characteristic bit sequenceis 1, a valueis stored, otherwisean

empty object is stored. The tail member holds theremaining part of theCTSV. Thenew

templateparameter for thenext step of therecursion is given by shifting N onebit to right, i.e.,

dropping theleast significant bit. This will eventually result to thetemplateparameter being zero

and a specialisation for N = 0 is provided to end therecursion. Note, that the enumeration

constant bits holds the value of N , which will be needed to define operations for CTSVs.

Thedefault constructor is defined as not to do anything. In addition, a constructor taking a

singlefloat argument is provided for initialisation of a vector with a given value. It will merely

pass thesameargument to thehead and tail members. In thecaseof Elem<1> typehead, the

valueis stored, otherwisenothing is done, sincethecorresponding Elem<0> constructor is

empty. The recursion is ended with the constructor of CTSV<0> which also is empty.

The CTSV<0> has no tail-member, but instead a function GetTail . Thegeneral version of

the GetTail function returns just thetail of theCTSV, but thespecialisation for CTSV<0>

returns thevector itself. This makes thedefinition of operations somewhat easier, as wecan also

get the tail of a CTSV<0> object, and a tail of a tail of a CTSV<0> object, etc.

Theaboveclass definition leads to quitea number of function calls and it is crucial that all the

functions are inlined. Due to inlining, empty functions are discarded from the compiled code.

2.2. Operations between CTSVs

Themost common mathematical operations defined for vectors areaddition, subtraction, unary

negation, multiplication with a scalar and thedot product. Also somearbitrary function can be

applied to each element of thevector. For sparsevectors multiplication with a scalar and negation

arestraightforward, sincethey do not alter thesparseness pattern of thevector. On theother

hand, addition and subtraction may result in a vector having different characteristic bit sequence

fromeither of theoperand vectors. Consider two sparsevectors x and y with bit sequences b x and b y . Vector sum x y + will havea characteristic bit sequence b b x y OR . Thedot product

results a scalar. Applying an arbitrary function to a vector will usually yield a dense vector.

At this stagethefunction prototypes for theoperators can begiven. To begin with the easy

ones, negation is just

template<unsigned int N>

CTSV<N> inline operator-( const CTSV<N>& a);

Multiplication with a scalar would be

template<unsigned int N>

CTSV<N> inline operator*(float a, const CTSV<N>& b);

The function prototype for the addition operation can be defined as

template <unsigned int N, unsigned int M>

CTSV<N|M>

inline operator+( const CTSV<N>& a, const CTSV<M>& b);

This templatecan be instantiated with two CTSVs of arbitrary bit sequences. Theresulting type

is a CTSV having a characteristic bit sequenceformed by bitwiseOR. Theimplementation of the

operator+ is developed further, sinceit covers most of theprinciples behind all theoperator

definitions. Theimplementation is recursive, theaddition is performed on theheads of the

vectors, and the tails of the operands are added recursively.

The operator+ serves an interfaceto theactual addition operation, which is implemented as

a static member function of a templatised class named plus . Thetemplateparameters of the

plus class arethecharacteristic bit sequences of theoperands of theaddition. Thecodefor

operator+ and the plus class is given in Listing 5.

template <unsigned int N, unsigned int M>

CTSV<N|M>

inline operator+( const CTSV<N>& a, const CTSV<M>& b) {

CTSV<N|M> c;

plus<N,M>::add( a,b,c);

return c;

}

template<unsigned int N, unsigned int M>

class plus {

public:

static inline void add( const CTSV<N>& a, const CTSV<M>& b, CTSV<N|M>& c)

{

add( a.value,b.value,c.value);

plus< N>>1 , M>>1 >::add( a.GetTail(), b.GetTail(), c.GetTail());

}

};

class plus<0,0> {

public:

static inline void add( const CTSV<0>& a, const CTSV<0>& b, CTSV<0>& c){}

};

Listing 5. Operator+ and the plus class.

In thebody of the operator+ , an object of theresulting CTSV typeis created with the empty

constructor. Theparameters to beadded and thenewly created object arepassed to thefunction

plus<N,M>::add . This function adds theheads of thevectors with theadd function of the

Elem<N> classes, to bedefined below, and calls the plus< N>>1 , M>>1 >::add

function recursively with thetails of theoperands. Thetemplateparameters areshifted right along therecursion, leading eventually to a call to plus<0,0>::add function, which ends the

recursion.

Herethenecessity of the GetTail function can beseen. At somepoint of therecursion

plus<0,N>::add or plus<N,0>::add may becalled and wemust beableto continuethe

recursion even if oneof theinput parameters is of type CTSV<0> . Sincethe

CTSV<0>::GetTail returns the CTSV<0> object itself, wemay continueto pass the`tail´ of

this type of object too.

For a completecodefor theaddition of CTSVs, theadd functions for the Elem classes areyet

to be defined:

inline void

add( const Elem<0>& a, const Elem<0>& b, Elem<0>& c) {}

inline void

add( const Elem<0>& a, const Elem<1>& b, Elem<1>& c) { c.v = b.v; }

inline void

add( const Elem<1>& a, const Elem<0>& b, Elem<1>& c) { c.v = a.v; }

inline void

add( const Elem<1>& a, const Elem<1>& b, Elem<1>& c) { c.v = a.v + b.v; }

Theresulting typeis `promoted´ from Elem<0> to Elem<1> if an Elem<1> typeobject is

involved in theoperation. In this way thetypes arehandled correctly. It is easy to seethat the

compilation of thesedefinitions yields theoptimal lines of code: for addition of two Elem<0>

objects, no codeis produced, theaddition of Elem<0> and Elem<1> results in a singlemove

and the addition of two Elem<1> objects in a single addition.

2.3. Generated code

To clarify how theaboveworks, we examinethe exampleof section 1.2. moreclosely. The

definition of the vectors x = ((1,1), (1,3)) and y = ((2,3), (2,5)) is coded as

CTSV<5> x(1);

CTSV<20> y(2);

Note that 5 = (00101) 2 and 20 = (10100) 2 . The addition of the vectors is just

x+y;

Theresulting codecompiled with Borland C++ 5.0 for Intel 80486 with no optimisations is

shown in Listing 6.

Theinitialisations arejust thetwo inevitablemovecommands for both x an y , both having two

nonzero elements. In this exampletwo moves (positions 1 and 5) and oneaddition (position 3) is

needed to carry out x + y , which can beseen fromtheresulting code. Thelast six lines of the

assembly languagecodeoriginates fromthereturn statement and theimplicit invocation of the

copy constructor. The resulted code is clearly very minimal.

Froma logical point of view theobject copy caused by thereturn statement seems unnecessary.

Thecopy is performed, sincethelocal object to bereturned goes out of scopeand must becopied

to thereturn value. A clever compiler may however avoid this by optimising thelocal object out

of existence, and createtheobject directly on thecaller´s stack. This is known as return value

optimisation. ( Thereis a syntactic extension to C++ supported by g++ that allows an explicit

reference to the functions return value, which would avoid the extra copy ).

Even without a compiler supporting this optimisation technique, it is however possibleto

circumvent the extra copy if wecontent ourselves with a slightly moreawkward syntax. Instead

of writing

CTSV<x.bits|y.bits> z = x + y;

we would have to write

CTSV<x.bits|y.bits> z;

plus<x.bits,y.bits>::add( x,y,z);

However, even with this latter syntax, theresulting typeof theoperation does not haveto be

calculated explicitly, the bits enumeration constant conveys this information.

// CTSV<5> x(1.0);

mov dword ptr [ebp-12],1

mov dword ptr [ebp-7],1

// CTSV<20> y(2.0);

mov dword ptr [ebp-174],2

mov dword ptr [ebp-169],2

// x + y;

mov eax,dword ptr [ebp-12] // 1. position

mov dword ptr [ebp-192], eax

mov edx,dword ptr [ebp-7] // 3. position

add edx,dword ptr [ebp-174]

mov dword ptr [ebp-187], edx

mov ecx,dword ptr [ebp-169] // 5. position

mov dword ptr [ebp-182], ecx

mov eax,dword ptr [ebp-192] // return

mov dword ptr [ebp-208], eax

mov edx,dword ptr [ebp-187]

mov dword ptr [ebp-203], edx

mov ecx,dword ptr [ebp-182]

mov dword ptr [ebp-198], ecx

Listing 6. x + y compiled.

2.4. Computational speed

Thespeed of CTSV operations was compared with ordinary densevectors and sparsevectors

with indexing performed at runtime. Theimplementation of thedensevector was just a standard

C vector. Theimplementation of thesparsevector contained a vector of values and a vector of

indices. Thespeed of addition operation was measured with vectors of 10 elements long, the

number of nonzero elements ranging from0 to 10. Thecodewas compiled with Borland C++

5.01 for Pentiumprocessor and optimised for speed. Sincetheoptimiser was not capableof

performing thereturn valueoptimisation, weused thelatter syntax to avoid the extra copy

constructor invocations. Thesparsevectors wereallocated statically, consequently theruntime

penalty originates only fromtheindexing performed, not from memory allocation. Sincethe

Borland compiler could not inlinetheaddition operations of thedenseand sparsevectors the

CTSV addition was also outlined. Theresults areshown in Figure1. The exact comparison of

the execution speed in modern processors is somewhat complicated sincethecost of memory

access may vary quitesignificantly, and in fact theresults weredifferent depending on wherethe

accessed variables weresituated in thememory. To eliminatethis effect as much as possibleall

variables were allocated from the stack just before the call of the addition operator.

Theaddition functions werecalled in a loop repeatedly and theoperand parameters werepassed

by reference. TheCTSV addition for 0 nonzero elements yielded no code, just a call to an empty function. Hencethe cost of theloop and function call should approximately equal thecost of the

CTSV 0 case.

0

2

4

6

8

10

12

012345678910

Number or non-zero elements

Time (au)

CTSV

Dense

Sparse

Figure 1. The CPU time of vector addition.

3. An application: automatic differentiation

Theneed for calculating partial derivatives arises in many applications, most notably in

optimisation. Instead of symbolic calculation of thederivatives or using approximatedifference

values, automatic differentiation can beused to obtain derivatives. In automatic differentiation,

thederivatives arecomputed by thewell known chain rule, but instead of propagating symbolic

functions, numerical values arepropagated along thecomputation. The evaluation of thefunction

and its derivatives arecalculated simultaneously using thesame expressions. Thereareseveral

descriptions about automatic differentiation [2,5] and also softwarepackages available[6]. Here,

theconcept is briefly described for understanding thebenefits of CTSVs in this particular

application.

Instead of computing with scalar values, wecomputewith multicomponent objects, consisting

of a valueof a function, and a vector of partial derivatives at thesamepoint. For single

derivatives, this object can be expressed as < >f f

x ,

¶

¶ . For several partial derivatives, say with respect to x, y and z, theobject could belike < > f f x

f y

f z , ( , , ) ¶

¶

¶

¶

¶

¶ . When building expressions with these multicomponent objects, at theleaf level of the expression treethevalueof f is either a variableor a constant. For examplewhen differentiating with respect to threevariables x,y,z the constant 3.14 would be expressed as <3.14, (0, 0, 0)> and thevariabley as <y, (0, 1, 0)>.

Computation with these objects utilises the chain rule of derivatives:

g f g f f x

f y

f z

g f

f x

f y

f z ( , ( , , ) ) ( ), ( , , )

< > =< × > ¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

As an example, consider the two derivative case for function y x+ sin( )2 . Starting with

< > + < > y x , ( , ) sin( , ( , ) )

0 1 1 0 2 , by squaring x we get

< > + < > y x x

, ( , ) sin( , ( , ) )

0 1 2 0 2 .

Taking the sine gives

< > + < > y x x x

, ( , ) sin( ), ( cos( ), )

0 1 2 0 2 2 and finally the addition with y gives

< + > y x x x sin( ), ( cos( ), ) ) 2 2 2 1 .

For numerical work, thecomputation is not donesymbolically, rather theactual values of the function and its derivatives are calculated and propagated through the expression. Given x = 2, y = 4, the same example would be

< > + < >

4 0 1 2 1 0 2

, ( , ) sin( , ( , ) )

< > + < >

4 0 1 4 2 0

, ( , ) sin( , ( , ) )

< > + < >

4 0 1 0 06976 1 9951 0

, ( , ) . , ( . , )

< > 4 06976 1 9951 1

. , ( . , ) .

Themethod can beapplied to any machinecomputablefunction. All that is needed is to codethe differentiation rules for simplefunctions and operations. Then any function composed of those elementary functions can bedifferentiated automatically. In C++ this means overloading of common functions and operators for multicomponent objects described above. In thefollowing, theabovedescribed multicomponent objects will bedenoted ADN (automatically differentiable numbers).

Thederivativevectors of ADNs aretypically sparse. This is becausethe arity of the elementary functions arelow, usually from0 to 2. The exampleabove enlightens this feature: only thelast step yields a densevector. Typically thereis only onenonzero derivativeat theleaves of the expression tree, and thederivativevector becomes moredensewhen approaching theroot. It is thereforebeneficial to utilisesparsevector techniques in ADN computations to avoid extra calculations. However, theindexing in sparsevectors requires somework too; wehaveto locate thenonzero elements and performcorrect operations within each subexpression. With theuseof

CTSVs, this indexing work can be avoided.

3.1. Automatic differentiation with CTSVs

Wewill first haveto definetheADN class. To use CTSVs as thederivativevector, wedefine

CTSV as a data member of theADN class. TheADN class will thereforealso be templatised with thecharacteristic bit sequenceof thederivativevector. Thecommon functions and operations must beoverloaded to accept ADN objects. Listing 7 gives an outlineof a possible class definition for ADNs. Theconstructor with onevariableis for creating an ADN object with a given valueand an initial derivativevalue1. Theaddition operator and thesinefunction are given as an example in Listing 8.

template < int N> class ADN public:

float value;

CTSV<N> ders;

ADN() {};

ADN(float x) : value(x), ders(1) {}

}

Listing 7. Class definition for automatically differentiable numbers.

To declare ADNs, onehas to assign a certain vector element position for each variable. This is doneby using characteristic bit sequencecontaining singleonebit. E.g. ADN<1>, ADN<2>,

ADN<4> and so forth. Constants can bedeclared as ADN<0> typeobjects, having only the value member and an empty derivative vector.

template<int N, int M> inline ADN<N|M> operator+( const ADN<N>& a, const ADN<M>& b)

{

ADN<N|M> tmp;

tmp.value = a.value + b.value;

plus<N,M> ::(a.ders, b.ders, tmp.ders);

return tmp;

};

template < int N>

ADN<N> sin( const AND<N>& a)

{

ADN<N> tmp;

tmp.value = sin( a.value);

tmp.ders = cos( a.value) * a.ders;

}

Listing 8. Addition operator and sin function for ADNs.

To demonstrate the use of ADNs the compilation of the code

ADN<1> f(2);

ADN<2> g(3);

f+g;

is shown in theListing 9. Again thecopy constructor invocation could beavoided with a clever optimiser or by using a similar less convenient syntax than with CTSVs.

// ADN<1> f(2);

mov dword ptr [ebp-36],1073741824 mov dword ptr [ebp-32],1

// ADN<2> g(3);

mov dword ptr [ebp-48],1077936128 mov dword ptr [ebp-43],1

// f + g;

mov ecx,dword ptr [ebp-32] // move the derivative of f mov dword ptr [ebp-60], ecx mov eax,dword ptr [ebp-43] // move the derivative of g mov dword ptr [ebp-56], eax fld dword ptr [ebp-36] // add the function values fadd dword ptr [ebp-48] fstp dword ptr [ebp-64] mov edx,dword ptr [ebp-64] // return (copy constructor) mov dword ptr [ebp-280], edx mov ecx,dword ptr [ebp-60] mov dword ptr [ebp-276], ecx mov eax,dword ptr [ebp-56] mov dword ptr [ebp-272], eax

For a proper implementation of ADNs, someadditional operations for CTSVs areneeded. It is worthwhileto definea special function for thechain ruleof multiplication performing the f.value * g.ders + g.value * f.ders in a singlepass of thevectors. Thesame applies for thedivision of ADNs. Conversion functions fromfloating point numbers to ADN<0> typewould also bedesirable, as well as operations for accessing individual elements of the vector. Thesearenot shown, instead wediscuss a further refinement to CTSVs, which will avoid unnecessary computations in ADN expressions.

3.2. Refined CTSVs with automatic differentiation

At theleaf level of the expression tree, thederivatives are either 0 or 1. Therewill probably bea considerable amount of multiplications with unity. Consider e.g. the ADN expression

< > × < > x y , ( , ) , ( , )

1 0 0 1 .

When computed it will produce

< × × + × × + × > x y y x y x

, ( , )

1 0 0 1 .

With CTSVs the multiplications with 0 arenot performed, but the expression will nevertheless yield three multiplications. In thecaseof symbolic differentiation only themultiplication for calculating thefunction valueis needed sincethe multiplications with unity does not haveto be performed. Thesamebehaviour can beachieved with ADNs by keeping track of thepositions of elements containing ones. Instead of having zero and nonzero elements, wewould then have zero, unity and arbitrary elements. Thereis of courseno point to keep track of theunity elements at runtimejust to beableto replacea few multiplications with valuemoves. But sincewith CTSVs thereis no runtimepenalty for theindexing, this can bedoneand will in somecases produce significant savings in computation time. This is especially thecasewhen thevector elements are complex numbers, the complex multiplication being rather expensive operation.

Sincewenow distinguish between threetypes of elements, theremust bethree specialisations of the Elem class, best Elem<0> , Elem<1> , Elem<3> . Hencetwo bits of thecharacteristic bit sequenceof theCTSV areneeded for each element. The elementary operations between different

Elem classes must beredefined and thebit operations of thecharacteristic bit sequences of

CTSVs will becomesomewhat trickier, but no other changes arerequired. Thecompletecodefor

ADNs with refined CTSVs can be obtained along this report from [7].

3.3. Test runs

Somecomparisons wereperformed with ADNs, objects having thederivativevector implemented as refined CTSVs, ordinary densevectors and ordinary sparsevectors. Also manually optimised

(all common subexpressions werestored to local variables and calculated only once) symbolically differentiated codewas included in thetests. Again therewas no runtimepenalty for dynamic memory allocation with ordinary sparsevectors. To overcomethecurrent compiler limitations the non expression syntax was used. Results of the test runs are shown in Figures 2 and 3.

0 %

100 %

200 %

300 %

400 %

500 %

600 % double:

a*b*c

double:

a*b*c*d*e

c omplex :

a*b*c

c omplex :

a*b*c*d*e

dens e s par s e

CTSV

CTSV inlined s y mbolic

Figure 2. CPU time (in arbitrary units) of the calculation of expressions a*b*c and a*b*c*d*e and their derivatives with respect to all variables.

To makean objectivecomparison, the expression was calculated in an outlined function, each parameter of the expression was passed to thefunction as a separatereferenceparameter and the function valuewith thederivatives was returned as a referenceto an ADN object. In all cases the number of parameters of thetest function was equal. Thetest function was then called in a loop repeatedly. The code was optimised for speed.

0 %

100 %

200 %

300 %

400 %

500 %

600 %

700 % dense sparse CTSV symbolic

Figure 3. CPU time of the calculation of expression a e i

b t i

i

=

å

1

3 and its derivatives with respect to a i and b i for i = 1 2 3

, , .

4. Discussion

A collection of classes for representing sparsevectors in C++ was described. Theprecondition for theuseof thepresented classes is that thesparseness pattern of thevector is known at compiletime. For special applications wheretherather restrictiveprecondition is met, very efficient codecan bewritten. It was shown how common vector operations can beoverloaded for the presented CTSV classes to yield this minimal code for abstract vector expressions.

Theclasses rely heavily on C++ templateusage, especially on recursivetemplatedefinitions with non-typetemplateparameters. Thesparseness pattern of each vector is presented as a templateparameter of thevector, i.e. in thetypeof thevector. Thesparseness pattern is altered along operations with vectors, and each operation will potentially producea new vector type.

Thesenew typeinstances areautomatically generated fromthevector templates by thecompiler as encountered. Someof thetemplatefeatures used arequitenew in C++ and arecurrently not availableat all compilers. Thesefeatures arehowever part of thecurrent ANSI/ISO standard proposal for C++ and will therefore probably be implemented by major compiler vendors soon.

Execution of selected vector operations was compared with densevectors and ordinary sparse vectors and the execution speed clearly outperforms both alternatives. The execution speed depends to some extent on thecompilers optimisation capabilities; for best results thecompiler ought to be able to perform return value optimisation.

Automatic differentiation was presented as an application of CTSVs. In automatic differentiation of expressions, derivatives arecalculated along thefunction valuewith thechain ruleof differentiation. Thecalculations areperformed with multicomponent objects containing thefunction valueand a vector of derivatives. Theclass definitions for such automatically differentiablenumbers weregiven using CTSVs as thederivativevectors and it was shown how common mathematical operations and functions can beoverloaded for theseclasses.

Computational speed of the evaluation of somecommon expressions was compared with ADNs having alternativevector representations. With our examples ADNs with CTSV derivatives required CPU timeranging from20 to 50 % less than ADNs with alternativevector representations. The execution speed was very near thespeed of calculating thesymbolic derivatives.

References

[1] T. Veldhuizen, Using C++ template metaprograms, C++ Report, Vol. 7, No. 4, May 1995, pp. 36-43.

[2] L. B. Rall, Automatic differentiation: Techniques and Applications, LectureNotes in

Computer Science 120, Springer-Verlag, Berlin 1981.

[3] 1997 C++ Public Review Document: Working Paper for Draft Proposed International Standard for Information Systems -- Programming Language C++, ANSI X3J16/96-0225 ISO WG21/N1043.

[4] W.H.Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery, Numerical Recipes in C: theArt of Scientific Computing, 2 nd edn., Ch. 2 (Cambridge University Press, New York, 1992)

[5] J. J. Barton, L.R. Nackman, Automatic differentiation, C++ Report, Vol. 8, No. 2, February

1996, pp. 61-63.

[6] A. Griewank, D. Juedes, J. Utke, ADOL-C: A Packagefor theAutomatic Differentiation of

Algorithms Written in C/C++, ACM Transactions on Mathematical Software, Vol. 22, No. 2, June

1996, pp- 131-167.

[7] http:// www.tucs.abo.fi/publications

Turku Centre for Computer Science

Lemminkäisenkatu 14

FIN-20520 Turku

Finland http:// www.tucs.abo.fi/

University of Turku

¯ Department of Mathematical Sciences

Åbo AkademiUniversity

¯ Department of Computer Science

¯ Institute for Advanced Management Systems Research

Turku School of Economics and Business Administration

¯ Institute of Information Systems Science