Generalized factors of words

Lucian Ilie

Turku Centre for Computer Science TUCS FIN-20520 Turku, Finland

Turku Centre for Computer Science TUCS Technical Report No 172 April 1998 ISBN 952-12-0195-9 ISSN 1239-1891

Abstract

We introduce and study relations on words which generalize the factor relation, being restrictions of the subword relation. We give an equivalent condition for the finite basis property for these relations which generalizes the well-known theorem of Higman. Some language-theoretic gaps for infinite antichains are also presented.

1 Introduction

Consider a finite alphabet Σ. Two of the most common relations on words are the factor and the subword partial orders, see [ChKa], [Lo], defined, respectively, for two words u, v ∈ Σ^∗, by

u ≤_f v iff v = xuy, for some x, y ∈ Σ^∗, u ≤_s v iff v = v_0u_1v_1u_2v_2 . . . u_kv_k, u = u_1u_2 . . . u_k, k ≥ 1, v_0, u_i, v_i ∈ Σ^∗, 1 ≤ i ≤ k. Roughly speaking, a word is a factor of another one it the former appears inside the latter exactly as it is whereas a subword may appear scattered as several factors. Therefore, the idea of in-between cases naturally arises, that is, of imposing different restrictions on the number of factors as which a word is allowed to be scattered. Following this idea, we define in the next section a class of (uncountably many) relations which are extensions of the factor partial order ≤_f and restrictions of the subword partial order ≤_s. We then study in our sections 3 and 4 the finite basis property for these relations and give a characterization of those having this property. This result generalizes the well-known theorem of Higman, cf. [Hi]. In the last section, we consider some language-theoretic properties of the infinite antichains of some of the relations introduced.

2 Generalized factor relations

The first step in defining our generalized factor relations is to consider, for any positive integer k, the relation ≤_{f,k} on Σ^∗, defined by

u ≤_{f,k} v iff v = v_0u_1v_1u_2v_2 . . . u_kv_k, u = u_1u_2 . . . u_k, v_0, u_i, v_i ∈ Σ^∗, 1 ≤ i ≤ k. It is easy to see that, for any k ≥ 1, ≤_{f,k} is reflexive, antisymmetric, but not transitive.

We have obtained an infinite strict hierarchy of relations between the factor and the subword relation.

Proposition 2.1. ≤_f =≤_{f,1}⊂≤_{f,2}⊂≤_{f,3}⊂ · · · ⊂≤_s, all inclusions being strict.

Proof. Obviously, for any k ≥ 1, ≤_{f,k}⊆≤_{f,k+1}. We have also (ab)^ka ≤_{f,k+1} (ab^2)^ka but (ab)^ka ≰_{f,k} (ab^2)^ka since (ab)^ka appears in (ab^2)^k a scattered in at least k + 1 factors, as none of them can contain two a’s. The strictness of the inclusion follows.

We now define the finite basis property for relations exactly as it was defined for quasi orders, see [ErRa], [Hi]. Consider an arbitrary relation ≤ on Σ^∗. A set L ⊆ Σ^∗ is an antichain of ≤ if all elements of L are pairwise incomparable with respect to ≤, that is, for any u, v ∈ L, neither u ≤ v nor v ≤ u. The relation ≤ has the finite basis property if (i) any antichain of it is finite and (ii) there is no infinite descending sequence w_1 ≤^{−1} w_2 ≤^{−1} w_3 · · · such that, for no i ≥ 1, w_i ≤ w_{i+1}, where ≤^{−1} denotes the inverse of ≤. Remark. Since we work only with relations which are included in ≤_s, the condition (ii) will always be fulfilled, so we shall consider explicitely the condition (i) only.

Proposition 2.2. For any k ≥ 1, the relation ≤_{f,k} does not have the finite basis property.

Proof. Take k ≥ 1 and consider the language L_k = {(ab^n)^k a | n ≥ 1}. We observe that L_k is infinite and an antichain of ≤_{f,k}. Indeed, if (ab^n)^k a ≤_{f,k}0 (ab^m)^k a, for some n < m, then (ab^n)^ka must be scattered in such a way that no factor contains two a’s. Thus k^′ ≥ k + 1 so (ab^n)^k ≰_{f,k} (ab^m)^k a.

We generalize further the above idea as follows. Consider the following set of natural functions

F = {g : N −→ N | g(0) = 0 and 1 ≤ g(n) ≤ n, for any n ≥ 1}.

For any function g ∈ F, we define the relation ≤_{f,g} on Σ^∗, for u, v ∈ Σ^∗, by

u ≤_{f,g} v iff v = v_0u_1v_1u_2v_2 . . . u_{g(|u|)}v_{g(|u|)}, u = u_1u_2 . . . u_{g(|u|)}, v_0, u_i, v_i ∈ Σ^∗, 1 ≤ i ≤ g(|u|). Notice that ≤_f =≤_{f,1}, where 1 : N −→ N, 1(0) = 0, 1(n) = 1, for any n ≥ 1, and ≤_s=≤_{f,1N} , where 1N : N −→ N, 1N(n) = n, for any n ≥ 0.

As seen in the next proposition, we have now uncountably many relations between ≤_f and ≤_s.

Proposition 2.3. (i). For any g ∈ F, ≤_f ⊆≤_{f,g} and ≤_f =≤_{f,g} if and only if g ≡ 1. (ii). For any g_1, g_2 ∈ F such that g_1(n) ≤ g_2(n), for any n ≥ 1, we have ≤_{f,g1}⊆≤_{f,g2}. If g_1 ≢ g_2, then the inclusion is strict.

(iii). For any g ∈ F, ≤_{f,g}⊆≤_s and ≤_{f,g}=≤_s if and only if g ≡ 1N. Proof. (i). We prove only that ≤_f =≤_{f,g} implies g ≡ 1. Indeed, if, for some n_0 ≥ 1, g(n_0) ≥ 2, then a^{n0} ≤_{f,g} aba^{n0−1} but a^{n0} ≰_f aba^{n0−1}.

(ii). To prove the strictness of the inclusion, suppose that, for some n_0 ≥ 1, g_1(n_0) < g_2(n_0). Then a^{n0} ≤_{f,g2} (ab)^{g2(n0)−1}a but a^{n0} ≰_{f,g1} (ab)^{g2(n0)−1}a.

(iii). The first part is obviuos and the second is a special case of (ii).

3 Infinite antichains

We present in this section a class of relations ≤_{f,g} which allow infinite antichains. It will turn out in the next section that these are actually all relations in the family (≤_{f,g})_{g∈}F with this property. Theorem 3.1. For any g ∈ F such that lim_{n→∞} n g(n) = ∞, the relation ≤_{f,g} allows infinite antichains and, therefore, it does not have the finite basis property.

Proof. Take g ∈ F such that lim_{n→∞} n g(n) = ∞. We can find a subsequence (k_n)_{n≥1} such that lim_{n→∞} k_n g(k_n) = ∞. We construct the following natural functions. First, define k : N −→ N by

k(n) = min{k_m ∈ N | k_m ≥ 1 and g(k_m) ≤ k_m 2(n + 1) }, for any n ≥ 0. For any fixed n ≥ 1, since lim_{m→∞} k_m g(k_m) = ∞, there is an m ∈ N such that k_m g(k_m) ≥ 2(n + 1) and so g(k_m) ≤ k_m 2(n + 1) . Therefore, there is also a minimal such m and the function k is well-defined.

The second function is h : N −→ N defined by h(n) = max{m ∈ N | m(n + 1) + 1 ≤ k(n)}, for any n ≥ 0. For any fixed n ≥ 0, k(n) is a finite number and the set of those m ∈ N with m(n + 1) + 1 ≤ k(n) is finite and non-empty. Thus, the above maximum always exists and h is well-defined. Notice also that both h and k are increasing functions.

The last function we use is r : N −→ N, defined by r(n) = k(n) − h(n)(n + 1) − 1, for any n ≥ 0. Notice that, from the definition of h, it follows that k(n) ≥ h(n)(n + 1) + 1, for any n ≥ 0, so r is well-defined.

Consider now the set L_g = {(ab^n)^{h(n)}ab^{r(n)} | n ≥ 1}. Obviously L_g is infinite, and we claim that L_g is an antichain of ≤_{f,g}. To prove this, suppose that, for some n, m ≥ 1, n < m, and k ≥ 1, we have (ab^n)^{h(n)}ab^{r(n)} ≤_{f,k} (ab^m)^{h(m)}ab^{r(m)}. It follows that (ab^n)^{h(n)}ab^{r(n)} must be scattered in at least h(n) + 1 factors, thus k ≥ h(n) + 1. (1) Using the definitions of the functions k, h, and r, we can write g(|(ab^n)^{h(n)}ab^{r(n)}|) = g(h(n)(n + 1) + r(n) + 1) = g(k(n)) ≤ k(n) 2(n + 1) (2) and k(n) ≤ (h(n) + 1)(n + 1) ≤ 2h(n)(n + 1), (3) since h(n) ≥ 1, for any n ≥ 1. From (2) and (3) we get g(|(ab^n)^{h(n)}ab^{r(n)}|) ≤ h(n) thus, using (1), we have (ab^n)^{h(n)}ab^{r(n)} ≰_{f,g} (ab^m)^{h(m)}ab^{r(m)}. Therefore, indeed L_g is an antichain of ≤_{f,g}. The proof is concluded.

We give below two examples of the construction in Theorem 3.1. Example 3.2. Consider the function g_1 : N −→ N given by

g_1(n) = { [ √ n] if n ∈ {4(k + 1)^2 | k ≥ 1}, n otherwise, where [x] denotes the integer part of x. Then g_1 ∈ F and it verifies the condition in Theorem 3.1 as lim_{n→∞} n g_1(n) = ∞, a subsequence realizing this being k_n = 4(n + 1)^2, n ≥ 1. We find, as in the proof of Theorem 3.1, an infinite antichain of ≤_{f,g1}. Compute first the three functions there:

k(n) = min{k_m | k_m ≥ 1 and g_1(k_m) ≤ k_m 2(n + 1) } = = min{4(m + 1)^2 | 2(m + 1) ≤

4(m + 1)^2 2(n + 1)

} = 4(n + 1)^2;

h(n) = max{m ∈ N | m(n + 1) + 1 ≤ k(n)} =

= max{m ∈ N | m(n + 1) + 1 ≤ 4(n + 1)^2} = 4(n + 1) − 1; r(n) = 4(n + 1)^2 − (4(n + 1) − 1)(n + 1) − 1 = n.

The obtained infinite antichain of ≤_{f,g1} is L_{g1} = {(ab^n)^{4(n+1)−1}ab^n | n ≥ 1}.

Another example, where the antichin obtained is much more complicated, is given below.

Example 3.3. Take the function g_2 : N −→ N given by

g_2(n) = {[_n log2 log2 n ] if n ∈ {2^{2k} | k ≥ 1}, n otherwise.

Then g_2 ∈ F and it verifies the condition on the superior limit in the theorem, namely lim_{n→∞} n g_2(n) = ∞. A subsequence that realizes this limit is k_n = 2^{2n} , n ≥ 1. The three functions are:

k(n) = min{2^{2m} | [ 2^{2m} m ] ≤ 2^{2m} 2(n + 1)

} = 2^{22(n+1)} ,

h(n) = max{m ∈ N | m(n + 1) + 1 ≤ 2^{22(n+1)} } = [ 2^{22(n+2)} − 1 n + 1 ] ,

r(n) = 2^{22(n+1)} − [ 2^{22(n+2)} − 1 n + 1 ] (n + 1) − 1.

In this case, we obtain the following infinite antichain of ≤_{f,g2} :

L_{g2} = {(ab^n) ” 22 2(n+2) � 1 n+1 # ab^2 22(n+1) − ” 22 2(n+2) � 1 n+1 # (n+1)−1 | n ≥ 1}. 4 A generalization of Higman’s theorem

We now show that also the converse of Theorem 3.1 holds true, thus obtaining a complete characterization of the relations in the family (≤_{f,g})_{g∈}F having the finite basis property. This result generalizes Higman’s theorem in its particular form shown in Theorem 4.1 below. (This form of Higman’s theorem has been discovered independently by Haines, cf. [Ha]. In fact, the concept of finite basis property or, equivalently, well quasi order, has been frequently discovered; see, for instance, [ErRa], [Hi], [Kr1], [Ha]. A complete account in this matter is given by [Kr2].)

Theorem 4.1 (Higman [Hi]). The subword partial order ≤_s has the finite basis property.

Our proof has a basic idea similar with the one for the subword relation ≤_s by Conway [Co], cf. also [Lo]. (According to [Lo], the basic idea is due to Nash-Williams [NW].)

Theorem 4.2. For any g ∈ F such that lim_{n→∞} n g(n) < ∞, the relation ≤_{f,g} has the finite basis property.

Proof. Take g ∈ F such that lim_{n→∞} n g(n) < ∞. Then, there is a positive integer c ≥ 1 such that n g(n) ≤ c, for any n ≥ 1. So g(n) ≥ n c . Consider the function h : N −→ N defined by

h(n) = { 0 if n = 0, max ( 1, [n c ]) if n ≥ 1. Obviously, h ∈ F and, since

h(n) = max ( 1, [n c ]) ≤ max ( 1, n c ) ≤ g(n), for any n ≥ 1, it follows that if ≤_{f,h} has the finite basis property, then so has ≤_{f,g}. Therefore, it is enough to prove that ≤_{f,h} has the finite basis property. We argue by contradiction. Suppose that ≤_{f,h} does not have the finite basis property and consider an infinite antichain of ≤_{f,h}, say {w_1, w_2, w_3, . . . }, where w_i ∈ Σ^∗, for any i ≥ 1. It follows that, in particular, we have

if i < j, then w_i ≰_{f,h} w_j . (4)

Consider now the sequence w_1, w_2, w_3, . . . built as follows: w_1 is a shortest word beginning a sequence satisfying (4), w_2 is a shortest word such that w_1, w_2 begin a sequence satisfying (4), and so on and so forth. Thus, there is no sequence v_1, v_2, v_3, . . . satisfying (4) such that, for some i ≥ 1, |v_i| < |w_i|.

Now, as Σ is finite, there must be a word w such that |w| = c and infinitely many words of the sequence (w_i)_{i≥1} have w as a prefix. Suppose that all those beginning with w are (w_{ik} )_{k≥1} and put w_{ik} = wu_k , for any k ≥ 1.

Consider the sequence

w_1, w_2, . . . , w_{i1−1}, u_1, u_2, . . . . (5)

We claim that this sequence satisfies (4). We notice first that w_i ≰_{f,h} w_j , for all 1 ≤ i < j ≤ i_1 − 1, and w_i ≰_{f,h} u_j , for any 1 ≤ i ≤ i_1 − 1, j ≥ 1.

If, for some p, q, p < q and u_p ≤_{f,h} u_q, then, by definition, u_q = u_{q,0}u_{p,1}u_{q,1}u_{p,2}u_{q,2} . . . u_{p,h(|up|)}u_{q,h(|up|)}, where u_{q,0}, u_{p,i}, u_{q,i} ∈ Σ^∗, 1 ≤ i ≤ h(|u_p|), and u_p = u_{p,1}u_{p,2} . . . u_{p,h(|up|)}. But now, since w_q = wu_{q,0}u_{p,1}u_{q,1}u_{p,2}u_{q,2} . . . u_{p,h(|up|)}u_{q,h(|up|)}, w_p = wu_{p,1}u_{p,2} . . . u_{p,h(|up|)}, and h(|w_p|) = h(|u_p| + c) = [ |u_p| + c c ] = [ |u_p| c ] + 1 = h(|u_p|) + 1,

we obtain that w_p ≤_{f,h} w_q, contradicting the fact that (w_i)_{i≥1} satisfies (4). Therefore, the sequence (5) satisfies the condition (4).

Since |u_1| < |w_{i1} |, this contradicts our assumption on (w_i)_{i≥1} as being the “earliest” sequence satisfying (4). Consequently, ≤_{f,h} has the finite basis property and, as noticed above, so has ≤_{f,g}. The proof is concluded.

Remark. The subword relation ≤_s is obtained for g = 1N (see above). Since lim_{n→∞} n 1N(n) = 1 < ∞, Higman’s theorem is obtained as a consequence of our Theorem 4.2 for g ≡ 1N. From Theorems 3.1 and 4.2, we obtain a complete characterization of those relations in the family (≤_{f,g})_{g∈}F which have the finite basis property.

Theorem 4.3. For any g ∈ F, the relation ≤_{f,g} has the finite basis property if and only if lim_{n→∞} n g(n) < ∞. 5 Language-theoretic gaps for antichains

In this section, we consider infinite antichains for some of the relations mentioned in the previous sections and investigate their regularity and contextfreeness.

The first result concerns the relations which are restrictions of ≤_f .

Theorem 5.1. There exist infinite regular antichains for any relation ≤ which is a restriction of the factor relation ≤_f .

Proof. It is enough to prove the statement for ≤_f since any antichain of ≤_f is an antichain of ≤ too. We can take then L = {ab^na | n ≥ 0}. Indeed, L is an antichain of ≤_f and it is an infinite regular language.

A natural question arises: are there relations which do not have the finite basis property but for which there is no infinite regular antichain ? The answer is positive, as proved in the next result. Moreover, the result holds also in the context-free case, as we show in a moment.

Theorem 5.2. The relation ≤_{f,2} has no infinite regular antichain. There are infinite context-free antichains for ≤_{f,2}.

Proof. For the second part of the statement, it is enough to consider the language L = {ab^nab^na | n ≥ 1}. Obviuosly, L is an antichain of ≤_{f,2} and it is an infinite context-free (even linear) language.

For the first part, we argue by contradiction. Suppose that there is an infinite regular antichain R of ≤_{f,2}. By the pumping lemma for regular languages, there is a constant p ≥ 1 such that any word w ∈ R with |w| ≥ p can be written as w = uvx, with v ≠ λ and uv^ix ∈ R, for any i ≥ 0. Consider such a w ∈ R (there is such a w because R is infinite) and also its decomposition as above. We have uvx, uvvx ∈ R and uvx ≤_{f,2} uvvx. Since uvx ≠ uvvx, a contradiction is obtained. The theorem is proved.

Theorem 5.3. The relation ≤_{f,3} has no infinite context-free antichains. There are infinite antichains for ≤_{f,2} which are intersections of two context-free languages.

Proof. The second part is proved by the infinite language L = {ab^nab^nab^na | n ≥ 0} which is an antichain of ≤_{f,3} and is the intersection of the context-free (linear) languages {ab^nab^nab^ma | n, m ≥ 0} and {ab^mab^nab^na | n, m ≥ 0}. The proof of the first assertion is similar to the one in the previous theorem. Arguing by contradiction, we suppose that P is an infinite context-free language which is an antichain of ≤_{f,3}. By the pumping lemma for contextfree languages, there is a constant n ≥ 1 such that, for any z ∈ P with |z| ≥ n, z can be decomposed as z = uvwxy, where vx ≠ λ and uv^iwx^iy ∈ P , for any i ≥ 0. Take such a z and its decomposition as above. It follows that uvwxy and uv^2wx^2y are both in P and different. Since uvwxy ≤_{f,3} uv^2wx^2y, a contradiction is obtained and the result is proved.

Problem. What about the same problem in general for infinite antichains of those relations in the family (≤_{f,g})_{g∈}F which no not have the finite basis property?

Acknowledgement

I would like to thank my supervisor, Prof. Arto Salomaa, for reading the manuscript and making useful comments.

References

[ChKa] C. Choffrut, J. Karhumäki, Combinatorics of Words, in Handbook of Formal Languages, (G. Rozenberg, A Salomaa, eds.), Springer-Verlag, Berlin, Heidelberg, 1997.

[Co] J. H. Conway, Regular Algebra and Finite Machines, Chapman and Hall, 1971.

[ErRa] P. Erdös, R. Rado, Sets having divisor property, Solution to problem 4358, Amer. Math. Monthly, 59 (1952) 255–257.

[Ha] L. H. Haines, On free monoids partially ordered by embedding, J. Comb.

Theory 6 (1969) 94–98.

[Hi] G. Higman, Ordering by divisibility in abstract algebras, Proc. London Math. Soc. 2(3) (1952) 326–336.

[Kr1] J. B. Kruskal, The theory of well-partially-ordered sets, Doctoral Thesis, Princeton, 1954.

[Kr2] J. B. Kruskal, The theory of well-quasi-ordering; a frequently discovered concept, J. Comb. Theory, Ser. A 13 (1972) 297–305.

[Lo] M. Lothaire, Combinatorics on Words, Addison-Wesley, Reading, Mass., 1983.

[NW] C. Nash-Williams, On well quasi-ordering finite trees, Proc. Cambridge Phil. Soc. 59 (1963) 833–835.

Turku Centre for Computer Science Lemminkäisenkatu 14 FIN-20520 Turku Finland

http://www.tucs.abo.fi

University of Turku

ffl Department of Mathematical Sciences

Abo Akademi University

ffl Department of Computer Science ffl Institute for Advanced Management Systems Research

Turku School of Economics and Business Administration

ffl Institute of Information Systems Science