Global Asymptotical Stability of The Non-Trivial Steady State of an Epidemic Model

Yan Ping

Department of Mathematics, University of Turku FIN-20014 Turku, Finland e-mail: ping.yan@utu.fi

Turku Centre for Computer Science TUCS Technical Report No 405 May 2001 ISBN 952-12-0828-7 ISSN 1239-1891

Abstract

In this paper I prove a conjecture of Diekmann and Heesterbeek about the global asymptotocal stability of the non-trivial steady state of an epidemic model.

TUCS Research Group Biomathematical Research Group

In their discussion about regulation of host populations Diekmann and Heesterbeek [1] considered the SIR model dS dt = bS + bR − μS − γ SI N , dI dt = −μI + γ SI N − αI, dR dt = −μR + fαI. Here S denotes susceptible, I infected and R recovered individuals. b is the per capita birth rate (infected individuals are assumed not to give birth), μ is the per capita death rate due to other causes than the disease, γ is the expected number of contacts per unit of time times the probability of transmission given a contact, and α is the removal rate.

When an individual is removed from the I-class it recovers and acquires permanent immunity with probability f and dies from the disease with probability 1 − f.

Introducing the relative quantities y = I/N, z = R/N with N = S + I + R being the total population one obtains the twodimensional system ẏ = y(γ(1 − y − z) − α + α(1 − f)y + b(y − 1)) ≡ F_1(y, z), ż = y(fα + (1 − f)αz) − bz(1 − y) ≡ F_2(y, z) (1) supplemented by the scalar equation dN dt = (b − μ − (b + α(1 − f))y)N. Assume R_{0,relative} = γ b + α > 1. Then the system (1) has a unique non-trivial steady state (ȳ, z̄) (0 < ȳ < 1, 0 < z̄ < 1, 0 < ȳ + z̄ < 1), and it can be shown that (ȳ, z̄) is locally asymptotically stable [1, p. 217, Exercise 3.23].

On page 218 of their book, Diekmann and Heesterbeek [1] conjecture that (ȳ, z̄) is in fact globally asymtotically stable in the set D = {(y, z) : y > 0, z ≥ 0, y + z ≤ 1}. It is the purpose of this note to prove that this is indeed the case.

It is easily shown [1, p. 217] that D is positively invariant and that orbits starting on the boundary of D immediately enter the interior G of D. In particular, every positive semiorbit starting in D is bounded. By the Poincaré–Bendixson Theorem the ω-limit set is therefore either the point (ȳ, z̄) or a non-trivial periodic orbit. To prove the conjecture we therefore only have to exclude the existence of a non-trivial periodic orbit in G. We do this by applying the well-known Bendixson–Dulac Theorem [2, Theorem 1.11], which in the present situation (note that G is a simply connected region) says that if there exists a continuously differentiable function B(y, z) in G such that ∂(BF_1) ∂y + ∂(BF_2) ∂z has constant sign in G, then system (1) does not have any closed trajectory in G.

Define B(y, z) = y^{−1}z^{−1} for (y, z) ∈ G. Then

∂(BF_1) ∂y +^{∂(BF2 )}_{∂z} = y^{−1}z^{−1}((α + b − γ − αf)y − γz +(γ − α − b) + (α + b − γ − αf)y) −y^{−1}z^{−1}((α + b − γ − αf)y − γz + (γ − α − b)) +y^{−1}z^{−1}((b + α(1 − f))y − b) −y^{−1}z^{−2}(fαy + (b + α(1 − f))yz − bz) = −y^{−1}z^{−1}((γ + αf − α − b)y + fαyz^{−1}) < 0 for all (y, z) ∈ G. This proves the conjecture.

Acknowledgement: I thank my supervisor Professor Mats Gyllenberg for careful reading of the manuscript and valuable comments. This work has been supported by the Academy of Finland (grant to Professor Mats Gyllenberg).

References

[1] Diekmann, O. and Heesterbeek, J. A. P., Mathematical Epidemiology of Infectious Diseases, John Wiley & Sons Ltd, Chichester, New York, 2000.

[2] Ye, Y. Q. et al., Theory of Limit Cycles, Transl. Math. Monogr., Vol. 66, Amer. Math. Soc., Providence, 1986.

Turku Centre for Computer Science Lemminkäisenkatu 14 FIN-20520 Turku Finland

http://www.tucs.abo.fi

University of Turku

• Department of Mathematical Sciences

Åbo Akademi University

• Department of Computer Science • Institute for Advanced Management Systems Research

Turku School of Economics and Business Administration • Institute of Information Systems Science