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Abstract

The famous theorem of Cobham says that, for multiplicatively independent
integers k and l, any subset of N, which is both k- and l-recognizable, is recogniz-
able. Many of its proofs are based on so called Hansel’s lemma stating that such a
k- and l-recognizable set is syndetic. We consider these proofs and point out that
some of them are inadequate.
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1 Definitions

Let Σ be an alphabet and a word w over Σ is a sequence of symbols from Σ. The
length of w, denoted by |w|, is the total number of letters in w. Denote by Σ∗

and Σ+ the sets of all finite and finite nonempty words over Σ, respectively. Any
subset of Σ∗ is called a language on the alphabet Σ. Let k ≥ 2 be an integer.
Define Σk = {0, 1, . . . , k − 1} and, for any n ∈ N, let (n)k ∈ Σ+

k be the normal-
ized base k representation of n. Normalized representation means a word with no
extra leading zeros, i.e., a word belonging to the set Σ+ \0Σ+. A language L ⊆ Σ
is Σ-automatic if there exists a deterministic finite automaton with input alphabet
Σ accepting the language L. A Σk-automatic set is shortly called k-automatic.
A subset X of N is k-recognizable if the language (X)k = {(x)k | x ∈ X} is
k-automatic. A subset X is called recognizable if it is k-recognizable for all
bases k ≥ 2. There are many equivalent formulations of recognizability. For
example, a set L ⊆ N is recognizable if and only if it is a finite union of arith-
metic progressions; if and only if L is ultimately periodic; if and only if L is
1-recognizable ,i.e., {an |n ∈ L} is {a}-recognizable. Integers k and l are multi-
plicatively independent if, for all nonzero integers p and q, we have kp 6= lq. A set
X = {x1 < x2 < · · · < xn <} ⊆ N is syndetic if sup(xn+1 − xn) < ∞.

2 On the proofs of Cobhams’s theorem

Cobham proved the following theorem in his original paper [3].

Theorem 1. Let k, l ≥ 2 be multiplicatively independent integers. If a set X ⊆ N

is both k- and l-recognizable, then it is recognizable.

In this paper Cobham deeply analyzed some properties of an automaton recogniz-
ing X . His proof is quite complicated and therefore Eilenberg announced in [4]
that it is a challenge to find a simpler and shorter proof. This was obtained by
Hansel in 1982 [5]. His proof consisted of two parts. First he showed that if X
is both k- and l recognizable set, then it is syndetic. In the second part his idea
was to show that the characteristic sequence of X is ultimately periodic by show-
ing that there exists m such that the number of recurrent subwords of length m
is bounded by m. A more precise version of this proof was made by Reutenauer
[10] completing the outlines of Hansel’s proof. In Reutenauer’s paper the first
part of Hansel’s proof was called the little theorem of Cobham (le petit thorm de
Cobham). Later on Michaux and Villemaire found another proof of Cobham’s
theorem based on logic and Presburger arithmetic [6]. Their idea was to make a
contradiction with the syndetic result, which was called Hansel’s lemma in [7].
It seems that the syndetic result is considered to be fairly easy since the attempts
to make Cobham’s proof more understandable are mainly focused on the second
part. On the other hand, there are some totally different proofs. For example,
Muchnik [8] gave a simple sophisticated proof which can also be applied to the
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multidimentional generalization of the theorem due to Semenov [12]. See also the
survey by Bruyre, Hansel, Michaux and Villemaire [2].

3 On the proofs of Hansel’s lemma

As mentioned in the previous section, Hansel’s lemma is an essential part of some
proofs of Cobham’s theorem and it is stated as follows:

Theorem 2. Let k, l ≥ 2 be multiplicatively independent integers. If a set X ⊆ N

is both k- and l-recognizable, then it is syndetic.

Actually, neither Hansel nor Reutenauer proves this theorem. They just point
out that is follows immediately from Lemma 3 in [3]. In 1990 Perrin gave a
self-contained proof in [9] consisting of two propositions (Prop. III.8.10., Prop.
III.8.11.). Many of the later proofs refer to this proof as a more accessible source
than the works of Hansel and Reutenauer. Also recently published book on auto-
matic sequences by Allouche and Shallit [1] uses a proof based on Perrin’s ideas.
Unfortunately, apart of its many merits, this proof contains some impreciseness.
On the other hand, we note that there exists another kind of proof of Hansel’s
lemma in [7], the goal of which is a new proof of Semenov’s Theorem.

Both Cobham’s and Perrin’s proofs are based on the fact that, for multiplica-
tively independent integers k and l, the set of quotients {kp/lq | p, q ≥ 0} is dense
in the positive reals. In the first proposition Perrin uses the notion of right dense
sets. We say that X ⊆ Σ∗ is right dense if for any word u ∈ Σ∗ there exists a
word v ∈ Σ∗ such that uv belongs to the set X .

Proposition 1. Let X be an infinite k-recognizable set of integers. For any integer
l multiplicatively independent of k, the set 0∗(X)l of (unnormalized) expansions
of X at base l is right dense.

The proof is similar to the proof of Cobham’s Lemma 2, where Cobham proves
also that for any word u ∈ Σ, the length of the word v such that uv belongs to the
set X can be chosen to satisfy the congruence |v| ≡ c (mod d) for any d > c ≥ 0.
This additional length condition is needed in the proof of Cobham’s Lemma 3,
which is a more precise formulation of Theorem 2. Perrin, instead, proves the
following proposition, which together with Proposition 1 implies Theorem 2.

Proposition 2. A k-recognizable set X is syndetic iff the set 0∗(X)k of (unnor-
malized) expansions of X at base k is right dense.

This statement is not exactly true, since we can easily construct a counter exam-
ple. Consider, for example, the set of natural numbers with normalized k-base
representation of even length, i.e., the set X = {n ∈ N | (n)k ≡ 0 (mod 2)}.
This set is clearly automatic and right dense. However, it is not syndetic, since
there exists arbitrarily large intervals of the form [k2l, k2l+1 − 1] containing no el-
ements of X . In the proof of Proposition III.8.11. it is shown that for any integer
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n there exists two integers p and t < kp such that nkp + t ∈ X . But the fact that
the exponent p can be bounded does not imply syndetic result as stated. Instead,
we would need a constant p for all n large enough like in the proof of Cobham’s
Lemma 3. This is the reason, why Cobham’s proof is much more complicated and
why he is obliged to apply his Lemma 2 several times.

Remark. We note, that also Rigo and Waxweiler have recently noticed the in-
completeness of the proofs of Cobham’s Theorem in [1] and [9]. In addition, they
give an alternative proof for Hansel’s lemma in their article [11].
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