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Abstract

A short proof is given for a result of Fraenkel and Simpson [Electronic J.
Combinatorics 2 (1995), 159–164] stating that there exists an infinite binary
word which has only three different squares u2.
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1 Introduction

Consider the set Σk = {0, 1, . . . , k − 1} as an alphabet of symbols, called
letters. The set of all words over Σk, denoted by Σ∗

k
, consists of the finite

sequences of elements from Σk. We denote by |w| the length of the word
w, i.e., the number of occurrences of the letters in w. An infinite word over
Σk is a mapping from w : N → Σk which is usually presented as the ordered
sequence w(1)w(2) · · · of the images.

A word u is a factor of a word w ∈ Σ∗

k
, if w = w1uw2 for some words w1

and w2. A nonempty factor u2 (= uu) is called a square in w. The word w
is square-free if it has no squares.

It is easy to see that every binary word w ∈ Σ∗

2 with |w| ≥ 4 has a
square. Indeed, the only square-free binary words are 0, 1, 01, 10, 010, 101.
On the other hand, Entringer, Jackson, and Schatz [1] showed in 1974 that
there exists an infinite word with 5 different squares. Later Fraenkel and
Simpson [2] showed that there exists an infinite binary word over the alphabet
{0, 1} that has only three squares 00, 11, and 0101. We shall give a short
proof of this result based on square-free words over a three letter alphabet.

Example 2. We can show that the word w = 101100111000111100111011 of
length 24 has the squares u2 only for u ∈ {0, 1, 11}. Also, it can be checked
that the word w has the maximum length 24 among the words having only the
squares 02, 12, and (12)2. Indeed, it can be checked that all words of length
25 or more do have three squares 02, 12, and u2 for some word u /∈ {00, 11}.

The following result is due to Axel Thue; see, e.g. Lothaire [3] for back-
ground and a proof of this theorem.

Theorem 1. There exists an infinite square-free word over the three letter

alphabet Σ3.

3 Three squares

In the rest of this paper, we prove

Theorem 2. There exists an infinite binary word W that has only the squares

u2 for u ∈ {0, 1, 01}.

Proof. Let w be an infinite square-free word over the alphabet Σ3 provided
by Theorem 1. Also, let W be the word where each 0 (1, 2, resp.) in w is
substituted by A (B, C, resp.) where

A = 13031202101203130210 ,

B = 1303101203130210120310 ,

C = 13031202101203101302101202 .
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It is easy to check that these words have only the squares 02, 12 and (01)2.
Denote ∆ = {A,B,C}. We have the following marking property of 1303:

the factor 1303 occurs only as a prefix of each A, B, C (a)

Also, we notice that the longest common prefix (suffix, resp.) of two words
from ∆ is 130312021012031 of length 18 (0210 of length 4, resp.). Since the
words A,B and C are longer than 22, we obtain

no word Z ∈ ∆ can be factored as Z = yx where x is a suffix (b)

of a word X ∈ ∆ \ {Z} and y is a prefix of a word Y ∈ ∆ \ {Z}.

Suppose that W has a square U2, where U /∈ {0, 1, 01}. It is straightfor-
ward using (a) to verify that the short words XY for different X,Y ∈ ∆,
do not contain other squares than 02, 12, and (01)2. In particular, we may
assume that U2 has a factor Z from ∆.

Suppose first that U does not have a factor from ∆, and thus that U has
at most one occurrence of the marker 1303. Now U2 = xZy for some Z ∈ ∆,
where x is a suffix of a word X ∈ ∆ and y is a prefix of a word Y ∈ ∆
for X,Y 6= Z, since w is square-free. We divide our considerations into two
cases.

(1) Assume that U has exactly one occurrence of 1303. In this case,
Z = yx, since y begins with the unique occurrence of 1303 inside the second U .
This, however, contradicts the property (b).

(2) Assume that U has no occurrences of 1303. In this case, U = xu = vy
so that Z = uv, where u and y are proper prefixes of 1303, and as they are
both suffixes of U , one of them is a suffix of the other. Necessarily u = y,
and hence also x = v. But now Z = yx contradicts the property (b).

Suppose then that U has a factor from ∆. If U = uXv with X ∈ ∆,
then necessarily U2 = uXvuXv is a factor in W such that vu ∈ ∆∗, be-
cause of the marking property (a). Therefore, U = xX1X2 · · ·Xny such that
X0X1 · · ·XnZX1 · · ·XnXn+1 is a factor of W where Xi ∈ ∆ for each i, x
is a suffix of X0, Z = yx ∈ ∆, and y is a prefix of Xn+1. Now Z 6= X0,
since otherwise (X0X1 · · ·Xn)2 would be a factor of W and this would con-
tradict the square-freeness of w. Similarly, Z 6= Xn+1. Again Z = yx
contradicts (b).

We observe that the word

w = 10110011100011001000111000100

of length 29 has only the squares u2 for u ∈ {0, 1, 100}. It can be shown,
with the aid of a computer, that each word w of length |w| ≥ 30 with exactly
three different squares, has the squares 02, 12 and (01)2 or 02, 12 and (10)2.
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