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Abstract

The possibilistic risk premium is defined in a possibilistic context, made by a
utility function, a fuzzy number and a weighting function. This notion measures
the aversion to the possibilistic risk. The main result of the paper is a Pratt—type
theorem on the possibilistic risk aversion. This result, combined with the Pratt
theorem leads to a surprising conclusion: the aversion to the probabilistic risk is
equivalent with the aversion to the possibilistic risk.
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1 Introduction

Risk aversion is traditionally treated in probabilistic terms. An agent, represented
by a utility function is confronted with a random phenomenon (e. g. a lottery),
represented by a random variable. Therefore the framework in which the risk
aversion is studied consists of a utility function » and a random variable. In this
context we define the notions of risk premium which expresses the agent’s u aver-
sion towards X. The probabilistic risk premium is expressed with help of the
Arrow—Pratt index associated with a utility function v and a random variable.
Therefore the framework in which the risk aversion is studied consists of a utility
function v and a random variable. In this context, we define the notion of risk
premium, which expresses the agent’s u aversion towards X. The probabilistic
risk premium is expressed with help of the Arrow—Pratt index associated with a
utility function u ([1], [10], [12]).

A Pratt theorem [12] shows that the comparison of the risk aversion repre-
sented by the utility functions wu;, us is equivalent with the comparison of the
Arrow—Pratt indices of u, uo.

The comparison of the Arrow—Pratt indices is an analytical condition which
appears both in the Pratt theorem and also in our result. Then, by combining the
two results, one obtains a fact which has a remarkable significance: the proba-
bilistic risk aversion is equivalent with the possibilistic risk aversion.

In Section 2 there is recalled the expected value E;(A) and the variance
Varg(A) of a fuzzy number A with respect to a weighting function f. Besides
them there is considered the possibilistic indicator Var}(A) related with Vary(A)
but different from it. A possibilistic form of Jensen inequality is proved.

Section 3 presents definitions and the calculation of the possibilistic risk pre-
mium and the Pratt theorem.

In Section 3 there is proved a possibilistic form of the Pratt theorem, by us-
ing the possibilistic Jensen inequality. Theorem 4.5 obtained by combining this
result with the Pratt theorem establishes the equivalence of four properties: the
probabilistic risk aversion, the possibilistic risk aversion, a concavity condition
and analytical condition of the Arrow—Pratt indices.

2 Possibilistic indicators of fuzzy numbers

In this section we shall recall the definition and some properties of some possi-
bilistic indicators of fuzzy numbers [2], [3], [4], [S], [7], [11]. At the same time,
we shall prove a possibilistic version of the probabilistic Jensen inequality (see
[9], p. 201).
Let A be a fuzzy number. Let v € [0, 1]. The y—level set of A is defined by
Al = { {r € RIA(x) > 7} ify>0
cl{r € RIA(x) >0} ify=0
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The cl{x € R|A(x) > 0} means the closure of {x € R|A(x) > 0} means
the closure of {x € R|A(x) > 0} in R.. [A]” is a compact and convex subset of R..
If we denote a;(y) = min[A]” and ay(y) = max[A]” then [A]” = [a1(7), az(7)]
forall v € [0, 1].

We fix a fuzzy number A.

A non-negative and monotone increasing function f : [0, 1] — R is a weight-
ing function if [y f(y)dy = 1.

The expected value of A with respect to a weighting function f is defined by

(1) Ef(A) = fo 205200 () dy.

If f(y) = 2v then E¢(A) coincides with the possibilistic mean value intro-
duces in [2]. By considering a real number r as a degenerate fuzzy number, one
notices that E(r) = r.

Let g : R — R be a continuous function.Then g(A) : R — R is defined by
using the Zadeh extension principle:

| sup A(x) p(z)=y if there existsx € R such that f(z) =y

9(A)y) = { () 0 otherwise

The expected value of g(A) with respect to a weighting function f is intro-
duced by

@) Er(9(A) = st Joxt) o(@)da] £ (7)dy.

The variance of A with respect to a weighting function f is defined by

(3) Varg(A) = J; 05208 £()dy.
Remark 2.1 Consider the possibilistic variance o4 = 1 [ (a2(v) — a1(7))*vdy
of the fuzzy number A introduced in [2]. If we take f(v) = 27 for all v € [0,1]
then Vary(A) = 304.

Remark 2.2 In Definition 3 of [7], the variance of A with respect to f is defined
by Varg(A) = [} Mf(’y)d’y. The form of Var;(A) given in (3) can be
found in [11], p. 87. In this paper we shall use for Var¢(A) the form (3).

Proposition 2.3 [7] Let A, B be two fuzzy numbers and )\, i € R. Then

Lemma 24 Letg: R — R, h : R — R be two continuous functions. If g < h
then Ey(g(4)) < Ey(h(A)).

Proof. Assume g < h. Then, for any v € [0, 1], we have

a2 ()
faf(v) g(z)dr < fjfg;h(as)dx'

Since a;(y) < ay(y) and f > 0, the following inequality holds:

(s o2 g(0)dal f () < Tosrbari o) b)) £(7)

for each x € [0,1]. By taking into account (2), one obtains Ef(g(A)) <
E¢(h(A)). 1



The following result is a possibilistic version of the probabilistic Jensen in-
equality. Its proof will be an adaptation of the proof in [9], p. 201, but it will use
the properties of the possibilistic expected value.

Proposition 2.5 [f the function g : R — R is convex and continuous, then
9(E(A)) < Ey(g(A)).

Proof. From the real analysis we know that if ¢ is convex then there exist two
sequences of real numbers (a,,) and (b,,) such that
(a) g(x) = sup(a,x +b,), for any = € R.

Letn € N. Then anx + by, < g(x) for any z € R. By Lemma 2.4 we get
Er(anA+by) < Ep(g(A)).

Applying Proposition 2.3, E;(a, A + b,) = a,Ef(A) + b, hence

(b) an,Ef(A) + b, < Ef(g(A)) forall n € N.

From (a) and (b) it follows

G(E4(4)) = sup, (aa B (A) + by) < Fy(g(A). B

Corollary 2.6 Ifthe function g : R — R is concave and continuous then g(E¢(A)) >
Ey(g(A)).

Proof. It follows from Proposition 2.5 and from the fact that g is concave iff —g
is convexe. We consider the function g : R — R defined by g(z) = (x — E;(A))?
for any x € R. We denote

@) Varj(A) = E;(g(A)) = Ef[(A - Ef(A))?]

Cf. (2) we have

5) Vari(A) = fy [mmrtam ol (v — Ep(A)?)da] f(7)dy.

Var}(A) can be considered a possibilistic indicator inspired by one of the
forms of the probabilistic variance. We shall observe that Var;(A) and Var;(A)
are different. It is easy to notice that Var}(A) > 0. B

Proposition 2.7 [8] Var}(A) can be written under the following form:
(i) Vars(A) = § o [ai(7) + a3(7) + a1 (y)az(0)]f (7)dy — E3(A)
(i) Var;(A) = 4Varp(A) — EFA) + [y a1(v)as(7) f(7)d.

3 Probabilistic risk aversion

In this section we shall recall some notions and results regarding the ways the
risk aversion is evaluated probabilistically. They will be a starting point in the
treatment of the probabilistic risk aversion.

Let (2 be a set of states endowed with a probabilistic space (2, K, P). Assume
that X : 2 — R is a random variable and © : R — R is a continuous function.



Then u(X) = uo X is arandom variable and E(u (X)) denotes the expected value
of u(X). If X has a density function f : R — R then

E(u(X)) = [ u(X)f(X)dX.

Throughout this section we shall assume that {2 = R and K is the Y—algebra
B of Borelian subsets of R.

We consider an agent represented by a utility function v : R — R continuous

and strictly increasing.

Definition 3.1 Let X be a random variable with respect to (R,B). The prob-
abilistic risk premium px , (associated with X and u) is defined by the identity

(D) E(u(X)) = u(E(X) = pxu)

Due to the injectivity of u, the probabilistic risk premium px , is uniquely
determined by relation (1). The probabilistic risk premium py ,) expresses the
risk aversion of the agent represented by u with respect to the random variable X.
The bigger px ,, 1s, the more risk—prone the agent is.

Proposition 3.2 [1] Assume that u is twice differentiable, strictly concave and
strictly increasing. Then

u(E(X
(2) PXu = _%Ug( u/((E((X))))’

where 0% is the variance of X.

In the following we shall assume that the utility function verifies the properties
of Proposition 3.2. The Arrow—Pratt index associated with the utility function u
is defined by

B) rp(z) = —1;/,/((;”)) for each z € R.

Let uy, us be two utility functions. Let us denote by r(z) = 7y, (z) and
ro(x) = ry,(z) the Arrow—Pratt indices of u; and us.

Theorem 3.3 [12] The following assertions are equivalent:
(1) ri(z) > ro(x) for each x € R;
(2) uy o ugl is concave;
(3) Pxuy = Pxus for any random variable X with respect to (R, B).

Remark 3.4 Suppose that agents 1 and 2 are represented by the utility functions
uy and uy. By taking into account the interpretation of the probabilistic risk pre-
mium, condition (3) of Theorem 3.3 means that the agent 1 is more risk—prone
than the agent 2, with respect to any random variable X. In this case we shall de-
note Uy = probap U2 iff the Arrow—Pratt index of u, is bigger than the Arrow—Pratt
index of us. It follows that the Arrow—Pratt index is a measure of the probabilistic
risk aversion.



4 Possibilistic risk aversion

In this section we shall prove a Pratt—type theorem [12] for the possibilistic risk
aversion premium associated with a fuzzy number, a utility function and a weight-
ing function (see [8]). By combining this result with the Pratt theorem for the
possibilistic risk one reaches a surprising result: the aversion to the probabilistic
risk is equivalent with the aversion to the possibilistic risk.

We consider an agent represented by a utility function v : R — R continuous
and strictly increasing. Then we can consider its inverse u ! : Im(u) — R where
Im(f) = {u(z)|z € R}.

We fix a weighting function f : [0, 1] — R.

Definition 4.1 [8] Let A be a fuzzy number. The possibilistic risk premium p 4 =
pAa,fu (associated with the fuzzy number A, the weighting function f and the
utility function u) is defined by the following equality:

(D) u(Ef(A) = pa) = Ep(u(A)).

Since function w is injective, the possibilistic risk premium p4 is uniquely
determined by the equality (1). For the rest of the section we shall assume that the
utility function is twice differentiable, strictly concave and strictly increasing.

Proposition 4.2 [8] Let u be a utility function and A a fuzzy number. Then the
possibilistic risk premium p 5 has the form:
_ 1 (AW (Er(A)

(2) pa = —iVarf(A) u/(EJf(A))
Remark 4.3 The possibilistic risk premium p o expresses the risk aversion of the
agent represented by u with respect to the probabilistic distribution given by a
fuzzy number a and the weighting function f. The bigger p 4 is, the more prone to
the possibilistic risk the agent is.

Recall from the previous section the form of the Arrow—Pratt index associated
with the utility function u:

3) rp(x) = —Z/,l((j)), for any = € R.

Then the relation (2) becomes:

(4) pa = Var;(A)r(Eg(A)).

Relation (4) shows that the possibilistic risk premium can be expressed func-
tion of the Arrow—Pratt index and the possibilistic indicators E¢(A) and Var}(A).

The following result is the possibilistic aversion of the Pratt theorem:

Theorem 4.4 Let uy, us be two utility functions and ry = r,,, T2 = 7y, be the
Arrow-indices of u, and uy. The following assertions are equivalent:

(1) r1(z) < ro(x), forany x € R;

(2) wouy Lis concave;

(3) For all fuzzy numbers A and weighting functions f, we have

PA,fu > PA,fuz



Proof. (1) < (2) By Pratt’s theorem:

2)= @) letp; = pafu;, i =1,2. Cf(1)

u (Ep(A) — p1) = Er(ui(A))

ws(Ef(A) — po) = Ey(us(A)).

By applying to these equalities the inverses u; ', u; ' of u; and u, one deduces:

p1 = Ef(A) - Ufi(Ef(ul(A))

P2 = Ef(A) — uy (B (us(A))

By subtracting these two inequalities one obtains:

(@) pr — po = 1y (Ep(ua(A)) — ur (B (wr (4)).

Since u; o uy ' is concave, by applying Corollary 2.6 we have:

Ey(us(4)) = By((w 0 u")(ua(4)) < (ur 0w, ") (Ey(ua(A)).

But u; ! is increasing, therefore:

ur (Ep(ui(A))) < upt (w1 0 us—1)(Ey(uz(A))) = uy ' (Ey(ua(A))).

By taking into account (a) and the preceding inequality, it follows p; > ps.

(3) = (1) Let x € R. We consider a fuzzy number A and a weighting function
such that z = E¢(A). Cf. (4) we have:

PA fun = %VGT?(A)Tl ()

Patus = WV ary(A)rs(x)

Since Vari(A) > 0and pa fu, > pa fu, it follows ri(z) > ra(z). I

By combining Theorems 3.3 and 4.4 we obtain:

Theorem 4.5 Let uy,uy be two utility functions and vy = 1y, T2 = 7y, the
Arrow—Pratt indices of uy and us. The following assertions are equivalent:

(1) ri(x) > ro(x), for any x € R;

(2) uy o uy ' is concave;

(3) For any random variable X with respect to (R, B), px.u, > Pxus:

(4) For all fuzzy numbers A and weighting functions f, we have:

pA7f7ul Z pA:f”“Q'

If condition (4) of Theorem 4.5 holds, then we have u; >, u2 and we will
say that the agent represented by u; is more risk—prone to the possibilistic risk
than the agent represented by .

Remark 4.6 The equivalence (3) < (4) of Theorem 4.5 gets the form:
U Zprobab Uz l:ﬁul Zpossib Ug.

The significance of this inequality is remarkable: the probabilistic risk aver-
sion is equivalent with the possibilistic risk aversion.

Remark 4.7 The binary relation wy >propap U2 1S defined with respect to the set
of the fuzzy numbers.

An open problem is if the equivalence of Remark 4.6 still holds when instead
of fuzzy numbers we consider another class of possibilistic distributions.
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5 Concluding Remarks

This paper continues the study of the possibilistic risk aversion stated in [8]. By
establishing a possibilistic Pratt-type theorem, we can measure the possibilistic
risk aversion by the Arrow—Pratt index.

The proof of such a result was due to the fact that the indicators associated
with a fuzzy number (mean value, variance, etc.) have properties very similar to
the probabilistic case.

We consider the following directions in which this topic might be continued:

(1) By keeping the framework offered by a fuzzy number to obtain the pos-
sibilistic version of some results of probabilistic risk aversion (e. g. Ross theory
[13D.

(2) The treatment of the risk aversion of an agent with respect to a family of
possibilistic distributions (in particular the study of the dynamic possibilistic risk
aversion).
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