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Abstract

The revealed preference axioMSAF RP, SAF RP and the congruence axioms
WFEFCA, SFCA are conditions which appear in the study of the rationality of
fuzzy choices. The indicators of revealed preferdicé FRP(C), SAFRP(C)
and the indicators of congruent8 FCA(C), SFCA(C) express the degree to
which a fuzzy choice function’ verifies each of these conditions.

In this paper these indicators are related to the similarity of fuzzy choice func-
tions. The main result establishes the way the indicatorsF' RP(C), SAFRP(C),
WFCA(C), SFCA(C) are preserved by the similarity.
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1 Introduction

The revealed preference theory is one of the paradigms in actual social choice the-
ory.Revealed preference is a concept introduced by Samuelson in 1938 in order to
describe the rationality of a consumer’s behaviour in terms of a preference relation
associated with a demand function.In revealed preference theory first choice are
given, then preference are defined by choices.

An abstract form of this theme has been developed by Arrow [1], Sen [15],
[16], Suzumura [17] in the framework of choice functions theory. The core of the
abstract revealed preference theory is the connection between choice functions
and preference relations. Every choice function determines some preference re-
lations on the seK of alternatives. Conversely, some preference relationd on
induce choice functions. The exist two ways of defining the rationality of a choice
function w.r.t. a preference relati@gpon X: the choice of th&)-greatest alterna-
tives and the choice of th@—maximal alternatives [17]. The rational behaviour
of a choice function is expressed by various conditions, as the axioms of revealed
preferencélV ARP andSARP([1], [4], the congruence axiom$ C A andSC' A
[13], [15], [16]), consistency properties [15] ,etc.

On the other hand, there exist situations in social and economic domains where
the preferences and choices are fuzzy. Some situations concern fuzzy prefer-
ences and exact choices [4] and some others concern fuzzy preferences and fuzzy
choices [2], [3], [12], [6], [7], [8], [9], [10].

A very general notion of fuzzy choice function was defined in [3], [6], [7],

[8] and [12]. In [2], [3] the domain of a choice function is made by crisp sets
and the codomain is made from fuzzy sets. In papers [6], [7], [8], [12] both the
domain and the codomain of a fuzzy choice function is made by fuzzy subsets of
the universe of alternatives.

In [6] we have been developed a theory of revealed preference for fuzzy choice
functions. The rationality of fuzzy choice functions was studied by means of
the fuzzy revealed preference axioMSAF RP, SAF RP and the fuzzy congru-
ence axiom$VFCA, SFCA. WAFRP , SAF RP are fuzzy generalizations of
WARP ,SARP andW FCA, SFC A are fuzzy generalizations &V C A,SC A.

The study of properties of fuzzy phenomena necessitates often an approach
different from the crisp case. Instead of checking whether such a propasy
true or false, it is more interesting to measure "the degree to wRichtrue”.

To exemplify, let us consider the axiomi AF RP. Then, instead of checking
whether a fuzzy choice functiati verifies or noiV’ AF RP, we need an indicator
which should express "the degree to whiclverifiesW AFRP”.

In [7] there have been introduced the indicators of revealed prefet€ntERP(C),
SAFRP(C) corresponding to the axiom$ AFRP, SAFRP and the indica-
tors of congruenc® FC A(C), SFCA(C) corresponding to the axiom& F'C' A,
SFCA.

The similarity of fuzzy sets is a concept introduced by Zadeh in 1971 [18]. In
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[9] we defined the similarity of fuzzy choice functions and we investigated the its
relationship with the similarity of the associated revealed preference relations.

In this paper we connect the similarity and the indicatdtrd F RP(C'), SAFRP(C),
WFCA(C)andSFCA(C). Our main theorem is an answer to a problem of the
following type : if the choices™, (5 of two agentsAgent,, Agent, are sim-
ilar, then to what extent is the rationality ¢f; (expressed by AF RP(C}),
SAFRP(C,), WFCA(Cy) or SEFC'A(Ch) closer to the rationality of’y?

As a corollary of the main theorem, we prove that if the degree of similarity
of C; and(; is a real numbet then|WAFRP(Cy) — WAFRP(Cs) <1 —qa,
|ISAFRP(Cy) — SAFRP(Cs) < 1 —«, [WFCA(Cy) — WFCA(Cy) <1 —

a, |[SFCA(C,) — SFCA(Cy) < 1 — « . In other words, the more similar the
choices, Cs are, the closer thB” AF' R P—rationality ofC, is to theW AF RP—
rationality of Cs, etc.

2 Preliminaries

In this section we recall some notions and basic results on the minimum operator
and on fuzzy binary relations. The basic references are [4, 5, 11, 19].

For any{a;},c; C [0, 1] we shall denoté/ a; = sup{a;i € I} and /\ a; =

el el

inf{a;|i € I}. In particular, for any, b € [0,1], a V b = sup{a,b} anda A b =
inf{a, b}.

We consider the residuum operation associated with the minimum operator
1 if a<b
b if a>b

The negation operatior: associated with the minimum operatois defined
by wa = a — 0 for anya € [0, 1].

The following lemmas contain the main properties of these operations:

a—b=V{clanc<b}=a—b=

Lemma 2.1 [4, 5, 11] For anya, b, ¢ € [0, 1] the following properties are true:
Da<b—c

(2)an(a—0b)=aANb;

B)a<bdiffa—b=1;

@) a—1=1,

B)1l—a=q

6)Ifa <bthenb - c<a—candc — a<c— b

(MNa— (b—c)=(aNb) —-c=b— (a— c);

8)a < —biffanb=0.



Lemma 2.2 [4, 5, 11] Let{a;} C [0,1] andb € [0, 1]. Then

(1)\/ai/\b: \/(az’/\b);

) (V @) = b= N(a; — b);
i€l el
3)b— (/\ a;) = /\(b — a;).

Another operation off0, 1] is the biresiduum— defined bya <~ b = (a —
b) A (b — a).

Let X be a non—empty sethe universg A fuzzy subsedf X is a function
A: X —[0,1];if z € X thenA(x) is called thedegree of membershigf z. We
denote byP(X) the powerset ofX and byF(X) the family of fuzzy subsets of
X. ForU C X we denote by the characteristic function @f:

1 if zeU

XU=Y0 if v¢U

If we identify U with its characteristic functioryy thenP(X) is identified
with {0,1}* C F(X). ForanyA, B € F(X) we write A C B if A(z) < B(xz)
forall z € X.

A fuzzy relationR on X is a functionR : X* — [0, 1].

If A, B € F(X) then we denote

I(A,B) = A\ (A(z) = B(x)) = A\ {B(x)|lz € X, A(z) > B(x)};

zeX zeX

E(A,B)= A (A(z) < B(z)) = A\ {A(z) A B(z)|z € X, A(z) # B(z)};

rzeX zeX

I(A, B) is called thesubsethood degres A in B and E( A, B) thedegree of
equalityof A andB. Intuitively (A, B) expresses the truth value of the statement
" Alisincluded inB.”

3 Fuzzy revealed preference

In this section we shall recall some basic notions of fuzzy revealed preference
theory [6], [7]. We shall present the notion of fuzzy choice function in its general
form [6], [7], [12] then we shall define the main fuzzy preference relations associ-
ated with a fuzzy choice function. On this basis, the axioms of revealed preference
WAFRP, SAFRP and the axioms of congruen€BFC' A, SFC A will be for-
mulated. Then we shall define the indicators of revealed prefefiénte RP(C),
SAFRP(C) and the indicators of congruen¢& FC A(C'), SFCA(C) associ-
ated with a fuzzy choice function.

The framework in which we shall develop the fuzzy revealed preference theory
is given by the concept of fuzzy choice space. A fuzzy choice space is a pair
(X, B) where X is a non—empty universe of alternatives afids a nonempty
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family of non—-empty fuzzy subsets af. The members oB are called available
fuzzy sets; in interpretation, they represent vague attributes or vague criteria on
alternatives. Ifr € X is an alternative and € B then the real numbe¥(z) is
called the availability degree afwith respect taS.

A fuzzy choice function [6] on a fuzzy choice spat¥, B) is a function
C : B — F(X) such that for anys € B, C(S) is a non—empty subset of
andC(S) C S. If z is an alternative and represents a criterion then(S)(x)
measures the potentiality ofof being chosen with respect to criteriéin

This definition of fuzzy choice functions contains that of Banerjee [2]. The
domain of a fuzzy choice function in the sense of Banerjee consists of crisp subsets
and the range of a fuzzy choice function consists of fuzzy sets of alternatives.

Let C' be a fuzzy choice function ofiX, ). We define the fuzzy preference
relationsR¢, P~ on X by

Re(z,y) = \/ (C(S)(x) A S(y))

sSeB

Pe(z,y) = \/ (C(S)(x) A S(y) A=C(S)(y))
SeB
foranyz,y € X. At the same time, we shall consider the fuzzy preference

relationsiWe = T(R¢) and P* = T(P¢). Straight from the definition it follows
that P C Rc, thereforeP* C We.

Particularizing the form o2 and P for crisp choice functions we find the
preference relations (denoted also By and P.) studied by Samuelson [14],
Arrow [1], Sen [15], [16], Suzumura [17]. A great part of classic theory on re-
vealed preference theory concentrates on the revealed preference 8XiWRB,
SARP and congruence axiom& C A, SCA. In [6] the fuzzy versions of these
axioms have been introduced:

W AF RP (Weak Axiom of Fuzzy Revealed Preference)

P(z,y) < -R(y,z)forall z,y € X;

SAF RP (Strong Axiom of Fuzzy Revealed Preference)
P*(z,y) < =R(y,x)forall z,y € X.

WFEFCA (Weak Fuzzy Congruence Axiom)
For anyS € B andz,y € X the following inequality holds
R(z,y) NC(S)(y) A S(z) < C(S)(x).

SFC A (Strong Fuzzy Congruence Axiom)
For anyS € B andz,y € X the following inequality holds
Wiz, y) AC(S)(y) A S(z) < C(S)(x).

These statements are conditions which describe a rational behaviour of the
choice function. Nevertheless there exist few situations when the vague choices
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verify such properties. In the study of the imprecise phenomena, it is more ap-
propriate to evaluate the degree to which a property takes place. This point of
view leads, in this case, to introducing the indicatéisl F RP(C), SAFRP(C),
WFCA(C) and SFCA(C) in order to measure the degree to which a fuzzy
choice functiorC' verifiesW AFRP, SAFRP, W FCA andSFC A. The defini-

tion of these indicators starts exactly from the formulation in natural language of
these axioms.

Definition 3.1 For a fuzzy choice functiot® on (X, B) we define the following
indicators of the axiom¥/ AFRP, SAFRP, WFCA andSFC A:

() WAFRP(C) = N [Po(z,y) = —Re(y, 2));
() SAFRP(C) = N\ [Pela.y) — ~Fe(y. )]
() WECAC) = A A [S() A C(S)) A Relery) — C(8)(w)]
W) SECAC) = A\ 19() A CS)) A Wele.y) — C(S)(a)

z,yeX SeB

Remark 3.2 For a choice functiorC' the following equivalences hold:

WAFRP(C) = 1iff C verifiesW AFRP;
SAFRP(C) = 1iff C verifiesSAFRP;
WFCA(C) = 1iff C verifiesW FC A;
SFCA(C) = 11iff C verifiesSFCA.

For example, the indicatol’ AF RP(C') indicates the degree to which the
choice functionC' verifiesW AF RP. Similar interpretations can be given to the
other three indicators. By these indicators we have information on each fuzzy
choice function with respect to satisfying the corresponding axiom. Each indicator
produces a criterion for comparison of two fuzzy choice functionsChlf Cs
are two fuzzy choice functions onX, B) andWAFRP(C,) < WAFRP(Cs)
then(; is better tharC; with respect tdlV AF RP. By such criteria one obtains
hierarchies of families fuzzy choice functions.

4 Preservation properties of fuzzy choice functions

In this section two fundamental concepts of this paper are connected: the simi-
larity and the indicators of revealed preference and congruence of fuzzy choice
functions. The main theorem establishes the way the similarity preserves these
four indicators, by obtaining this way an answer to Probléritom the previous
section.



Similarity is a notion related to imprecise phenomena. The identical behaviour
of two vague entities is rare. Much more often we can find the situation when two
fuzzy entities have a behaviour which makes them much closer to one another;
therefore the similarity is a more operative concept.

The similarity of two fuzzy sets has been defined by Zadeh [18] as an extension
of the notion of equivalence relation. A fuzzy relatighon a setX is called an
equivalent relation if it is reflexive, symmetric and transitivez |lfy € X then the
real numbe)(z, y) is the degree of similarity of andy.

Let X be a universe of alternatives. @@, (), are two preference relations
onX andE(Q1,Q2) = N (Qi(z,y) < Qa(z,y)), then according to [9], the

z,yeX
assignment{@y, Q)2) — FE(Q4,Q2) is a similarity relation on the set of fuzzy

preference relations oX. In interpretation(), ()> can be considered as pref-
erences of two agents; then the real numbéf),, ),) appreciates how similar
those preferences are.

Suppose the two agents have vague choices represented by fuzzy choice func-
tionsCy, Cs. In this case we also need a notion which should measure how similar
the choices of the two agents are.

If Cy, Cs are two fuzzy choice functions diX, 5) then according to [9], their
degree of similarity is defined by

E(C1,Co) = N\ N (Ci(S)(z) < Co(S)(2))

SeB xeX

In [9], we proved that the assignmeftt,, Cy) — E(C;,Cs) is a similarity
relation on the set of fuzzy preference relations(éh 5). In [9] we also have
studied the way the similarity of fuzzy choice functions is connected with the
similarity of the fuzzy revealed preference relations associated with them.

Let o € [0,1]. We shall say that the fuzzy choice functiofig, C, are a—
similar if £(Cy,Cy) > «a, i. e. if for C; andC;, a similarity with a degree greater
or equal thanv is ensured. In this case we shall write =, Cs.

Concerning the similarity of vague choices of two agetwsnt,; and Agent,
we can formulate a generic problem and the probldnasid B which derive from
it.

A generic problem

Suppose the choices of two agents are made according to a criférionif
the choices of the two agents are similar and the choicdgeft, verify criterion
Crit then do the choices ofgent, still verify Crit ?

Criterion C'rit may be one of the axioms of revealed prefereri¢ed F R P,
SAFRP or one of the axioms of congruen¢8 FC' A, SFCA. Suppose e. g.
thatC'rit is W AF RP. Then the above problem becomes:

Problem A

Suppose that’;, C, are fuzzy choice functions corresponding to the agents
Agent; and Agent,. If Cy, Cy area—similar andC verifiesW AF RP then does
Cy verify WAFRP?



In most of the cases there is no positive answer to this question. Therefore we
consider the following version of Problert

Problem B If Cy, Cy area—similar andC, verifiesW AF RP, then which is
the degree to whicly; verifiesW AF RP?

The answer to Proble comes down to evaluating the indicatdrA ' RP(C5)
under the conditions that; andC, area—similar andV AFRP(C;) = 1. This
observation leads to the idea of comparifigA /'R P(C5) with the degree of sim-
ilarity E(Cy, Cy) and withW AFRP(Ch).

Of course the previous discussion for the axidii /'R P can be extended to
the axiomsSAFRP, WFCA andSFC A.

Lemma 4.1 [7] Let C, C’ be two fuzzy choice functions ¢N, B). Then for any
S € Bandz € X we have

() E(C,C") AC(S)(x) < C(S)();

(i) E(C,C") A=C(S)(x) < =C"(S)(x).

Lemma 4.2 [7] Let C' andC’ be two fuzzy choice functions oK, B)andz,y €
X. Then

(I) E(C7 C,) A Rc(x, y) < RC'($7 y)’

(i) E(C,C") AN —=Re(x,y) < —Reor(x,y).

Lemma 4.3 [7] If C andC"” are two fuzzy choice functions 0, B) andz,y €
X thenE(C,C") A Po(z,y) < Per(z,y).

The following theorem connects the four indicatdrsi FRP(C), SAFRP(C),
WFCA(C), SFCA(C) and the similarity of fuzzy choice functions.

Theorem 4.4 If C, C" are two fuzzy choice functions X, B), then

(i) WAFRP(C)NE(C,C") < WAFRP(C');
(i) SAFRP(C)NE(C,C") < SAFRP(C");
(i) WFCA(C)NE(C,C") < WFCA(C");
(iv) SFCA(C)NE(C,C") < SFCA(C").

Proof. (i) We have to prove that
E<C7 Cl) A WAFRP(C> < /\ [PC’(xv y) - _'RC/(Z/,Q?)]
z,yeX
which is equivalent with verifying for each y € X the following inequality

(al) E(C,C"Y A\WAFRP(C) < Pei(z,y) — —~Rei(y, ).

Letz,y € X. By Lemma 2.1 (1), inequality (al) is equivalent with

(b1) E(C,C") A\WAFRP(C) A Poi(x,y) < ~Rer(y, x).

By Lemma 2.2 (1), the left hand side member of (b1) is computed:

E(C,C"Y ANWAFRP(C) A Poi(z,y) =

= E(C,C") N\WAFRP(C) A\ [C'(S)(x) A S(y) A=C'(S)(y)] =
SeB



= \/ [E(C,C") \WAFRP(C) AC'(S)(z) A S(y) A=C'(S)(y)].
SeB
Then to prove (b1) means to verify that for egclke B the following inequal-

ity takes place:
(cl) E(C,C"YAWAFRP(C)AC'(S)(z) AS(y) A=C"(S)(y) < =Re(y, ).
LetS € B. By Lemma 4.1 we have
E(C,CYANC'(S)(x) < C(S)(x) and
E(C,C") A=C'(S)(y) < =C(S)(y)-
From these two inequalities and by Lemmas 2.1 (2) and 2.2 (2) it follows
E(C,C") N€WAFRP(C) AC(S)(x) A S(y) A=C"(5)(y) <
< E(C,C") N\WAFRP(C) NC(S)(x) A S(y) A =C(S)(y) =
= E(C, C)AC(S)(z)AS(y)A=C(S)(y)Al] \/B(C(T)(m)AT(y)AﬂC(T)(y))] —
_'RC(yv

z) =
E(C,CVNC(S)(x)AS(y)A=C(S) ()N N [(C(T)(@)AT (y)A=C(T)(y)) —
<

TeB

—Re(y, )]

< E(C,C)NC(S)(x)AS(y) A=C(S) () A[(C(S)(z) AS(y) A=C(S)(y) —
—~Re(y,z)] =

= E(C,C")NC(S)(x) A S(y) A=C(S)(y) A ~Re(y,z) <

< E(Cv Cl) A _'RC(y7 l‘) < _‘RC’(ya {L‘)

With this the inequality (c1) is proved and also the proof of (i).

(i) According to the definition o5 AFRP(C”), we have to prove

E(C,C"YNSAFRP(C) < /\ [Pt (z,y) — = Re(y, x)].

z,yeX
It suffices for anyr,y € X toyestablish the inequality

(@2)E(C,C") NSAFRP(C) < Pi(z,y) — - Reo(y, x).
By Lemma 2.1 (1), (a2) is equivalent with

(b2) E(C,C") NSAFRP(C) A Pi(z,y) < =R (y, 1),
The left hand side member of (b2) has the form:
E(C,C"YNSAFRP(C) N Pi(z,y) =

E(C,C")ANSAFRP(C)NPer(z,y)VN ) (Por(z,ti)A. . AP (b, y))] =
n=1ty,. .., tn€X
= [E(C,C"YASAFRP(C)APci(z,y)IVN )  [E(C,C")ASAFRP(C)A
n=1t1,..tn€X

PC/(CC,tl) VANRAN Pcl(tn,y)].

Then (b2) is equivalent with the conjunction of the following two assertions:

(c2) E(C,C") AN SAFRP(C) A Por(z,y) < —Rer(y, x)

(d2) For anyn > 1 andty,...,t, € X,

E(O, C/) A SAFRP(C) N pcl(ﬂ?,tl) VANPIRAN pcf(tn, y) S _\Rcf(y,l’).

We will check only (d2). Let» > 1 andty,...,t, € X. By applying Lemmas
4.3 and 2.1 (2) we obtain:

E(C,C"YANSAFRP(C) A Por(x,t1) A ... A Por(tn,y) =

= SAFRP(C)N[E(C,C") A\ Por(z, t)] A ... AN[E(C,C") N\ Por(tn,y)] <
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SAFRP(C) A Pe(z,t)) A ... A Po(tn, y) <
Po(z, i) Ao A Poltn,y) A(Pole,y) AN (Polz, t) A A

n=1ty,...,th,€X

<
<

Pe(tuy)) = ~Re(x,y)] ) ]
< Po(z, ) Ao AN Pe(ty, y) N(Pe(z, t) A A Peltn,y) — —Re(y, ©)] =
= Po(z,t1) A... AN Pe(tn,y) N —Re(y,x) < ~Re(y, x).
By applying Lemma 4.2 it follows
E(C,C"YASAFRP(C"YAPgi(z,t))A. . .APoi(tn,y) < BE(C,C"YA=Re(y, z) <
“Rev (yv I)
since (d2) has been proved.
(i) Let S € Bandx,y € X. We will establish the inequality:
@3)WFCA(C)ANE(C,C")NS(z) NC'(S)(y) AN Rer(z,y) < C'(S) ().
According to Lemma 4.3 and Lemma 4.4 we have
WFCA(C)NE(C,C")NS(x) ANC'(S)(y) N Rer(x,y) =
= WFCA(C) N E(C,C") AN S(z) N E(C,C") ANC'(S)(y)] A E(C,C") A
Rei(z,y)] <

WFCA(C)NE(C,C"YNS(z) NC(S)(y) A Re(z,y) =
= B(C,C") AS(x) AC(S)(y) A Re(w,y) A N N [(T(u) A C(T)(v) —
u,veX TEB
Rdu@%eC@WMS

= B(C,C") A S(x) A C(S)(y) A Re(w,y) A C(S)(x) <

< EBE(C,CYANC(S)(z) <C'(9)(x).

From (a3) one obtains:

WFCA(C)NE(C,C") < (S(x) NC'(S)(y) A Rer(z,y)) — C'(9)(x)

foranyz,y € X andS € B. Therefore

WFCAC)AE(C,C") < N N (S@)AC'(S)(y)ARc (z,y)) — C'(S)(z)] =

z,yeX SeB

=WFCA(C").

(iv) To prove SFCA(C) N E(C,C") < SFCA(C") is equivalent with estab-
lishing the inequality

@4)SFCA(C)NE(C,C") < (S(x) NC'(S)(y) AN Wer(z,y)) — C'(S)(x)

foranyz,y € X andS € B.

Then letz,y € X andS € B. (a4) is equivalent with

(b4) SEFCA(C)NE(C,C")ANS(x) NC'(S)(y) N Wer(x,y) < C'(S)(x).

The we compute the left hand side member of (b4):

SFCA(C)NE(C,C"YNS(z) NC'(S)(y) N Wei(z,y) =

— SFCA(C)AE(C, CYAS(2)AC'(S) () A[Rer(z, AN\ (Rer(z, t1)A

n=1ty,..., tneX
VAN Rc/(tn, y))] =



= [SFCA(C)NE(C,C")AS(z)ANC'(S)(y)ARc: (z,y)IVN ) [SFCA(C)A
E(C,C"YNS(x) NC'(S)(y) A Ror(x,t1) A ... A Rer(tn, y)].
Then (b4) is equivalent with the conjunction of the following two assertions:
(c4) SFCA(C)NE(C,C"YNS(x) NC'(S)(y) A Rer(z,y) < C'(S)(x)
(d4) For alln > 1 andty,...,t, € X,
SFCA(C)NE(C,C"YNS(x) NC'(S)(y) A Ror(x,t1) Ao o A Ror(t,y) <
C'(S)(x).
(V\;é grove only (d4). Let > 1 andty,...t, € X. We notice that
Re(z,t1) NE(C,C") NS(x) ANC'(S)(y) A Ror(x,t1) Ao A Rer(tn, y) =
SFCA(CYNE(C,C"YAS(z)N[E(C, C"YNC'(S)(9)|A[E(C, C"YARc: (z,t1) A
N [E(C,C') A Reo(tn, y)] <
<SFCA(C)NE(C,C"YNS(x)NC(S)(y) AN Re(z, t1) A ... A Ro(tn,y) <
< SFCA(C)NE(C,C") A (x) ( )(y) AWel(z,y) =
= B(C,C") A S(z) A C(S)() AWelz, ) A N A L(S() A CT)(0) A

u,weX TeEB
We(u,v)) = C(S)(u)] <
E(C,C")YANS(x) NC(S)(y) AN Wel(x,y) ANC(S)(z) <
fli(C C) NC(S)(x) < C(S)(y).

<
<
With this (d4) has been verified. The proof of the theorem has finished.
[

Definition 4.5 Let0 < ¢ < 1. For the fuzzy choice functior$, C’ we introduce
the following notions:
() Cow aprpC' iff fWAFRP(C),WAFRP(C"))
(iii) CowpcaC'iff p(WFCA(C),WFCA(C")) > ¢;
(iv) CospeaC iff p(SFCA(C),SFCA(C")) > 6.

>0
J;

If Cow arrpC’ then we say that the fuzzy choice functiansC’ arelW AF' R P—
equivalent with the degree of confidenteln the other three situations a similar
terminology is introduced.

Remark 4.6 The concepCy arrpC’ evaluates how close the behaviour of the
fuzzy choice function§’ and C’ is with respect to the verification of the axiom
WAFRP.

Corollary 4.7 Let0 <6 < 1andC, C' be two fuzzy choice functions.
If C' =5 C" thenCéwarrpC’, CosarrpC’, CowrcaC’, CospcalC'.

Proof. By Theorem 4.4 we have
E(C,C") < WAFRP(C) - WAFRP(C");
E(C,C") < WAFRP(C") - WAFRP(C),
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hence

E(C,C"Y < WAFRP(C) < WAFRP(C") = p(WAFRP(C), WAFRP(C")).
ThenE(C,C") > ¢ impliesp(WAFRP(C),WAFRP(C")) > §

The other cases result analogoufly.

5 Concluding Remarks

The axioms of revealed preference and congruence are conditions which ensure a
rational behaviour of choice functions (in particular, of consumers) (see [1], [14],
[15], [16], [17]).

When we study the rationality of fuzzy choices it is necessary to find appro-
priate fuzzy versions of these properties.

There are two ways in which we can transfer the axioms of revealed preference
and congruence from the context of classic choice functions to the context of fuzzy
choice functions.

(a) to express these properties by assertions of fuzzy logic ([2], [6], [8]).

(b) the introduction of some indicators which should measure the conditions
of revealed preference and congruence ([7], [10]).

The second modality has the following advantages compared to the first one:

() these indicators are associated with any fuzzy choice functions;

(ii) by having a numerical expression, these indicators allow for classifications
and hierarchies of fuzzy choice functions from the point of view of a property of
rationality.

Similarity is specific to fuzzy phenomena (in particular to fuzzy choices). The
degree of similarity of two fuzzy choice functions gives an appreciation on the
closeness of these ones.

This paper linked this concept to the properties of revealed preference and
congruence, by establishing the way the indicatétd FRP(C), SAFRP(C),
WFCA(C) andSFCA(C) are preserved by the similarity of the fuzzy choice
functions. More precisely, by the comparison of the indicators, there is evaluated
the way two "similar” choice functions have a close behaviour from the point of
view of their rationality.

The definitions and the results of the paper can be formulated in the context of
the theory of fuzzy sets associated to a left continuous t—norm, but the proofs are
done in the paper only for the minimum t—norm. To obtain the results in a more
general context remains an open problem.

On the other hand, it would be interested to study, in problems with concrete
data, the way in which by applying the evaluations by these indicators we can
reach the most rational choices.
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