Marko M. Mäkelä | Yury Nikulin | József Mezei

Extended characterization of generalized trade-off directions in multiobjective optimization

TUCS Technical Report

No 984, August 2010

Extended characterization of generalized trade-off directions in multiobjective optimization

Marko M. Mäkelä

University of Turku, Department of Mathematics FI-20014 Turku, Finland

makela@utu.fi

Yury Nikulin

University of Turku, Department of Mathematics FI-20014 Turku, Finland

yurnik@utu.fi

József Mezei

Åbo Akademi University, Department of Information Technologies FI-20520 Turku, Finland

jmezei@abo.fi

TUCS Technical Report

No 984, August 2010

Abstract

We consider five basic optimality principles for a general multiobjective optimization problem with convex and nonconvex partial objectives. We introduce a generalization of the concept of trade-off directions defining them via some optimal surface of appropriate cones. In both cases, we link optimality and generalized trade-off directions by deriving geometrical optimality conditions in terms of appropriate cones. We scrutinize similarities and differences between the cases. Combining newly proven facts with some previously known results, we derive four general patterns reflecting structural properties and interconnections of the considered optimality principles. Additionally, we provide extended characterization of optimality for some peculiar cases.

Keywords: multiobjective optimization; optimality principles; generalized trade-offs; tangent, normal and contingent cones; convex and nonconvex optimization.

1 Introduction

In multiobjective optimization, we typically deal with conflicting (competitive) objectives, i.e. the improvement in one of them is associated with deterioration in another of them. The competition between objectives takes place because of limited resources or other constraints restricting solution feasibility. Then the overall goal in multiobjective optimization is to find a compromise between several conflicting objectives which is best-fit to the needs of a decision maker. This compromise is usually refereed to as an optimality principle. Various mathematical definitions of the optimality principle can be derived in several different ways depending on the needs of the solution approaches used. In multiobjective optimization, there are tens various optimality principles, however among them only few which are actually used in practice, since the use of one definition may be advantageous to the other due to computational complexity reasons.

The usage of trade-offs as a tool containing essential information about compromise have been originated from the series of papers (see e.g. [26] and [27]), where certain scalarizing functions were used to define the concept. Another approach, proposed in [10] and [11], consists in generating solution satisfying some pre-specified bounds on trade-off information by means of a scalarizing function. In [9], the concept of trade-offs has been generalized for convex (including nondifferentiable) problems into a cone of trade-off directions, which was defined as a Pareto optimal surface of a contingent (tangent) cone located at the point considered.

In the case of convex optimization, the choice of the cone of feasible directions as well as contingent cone is the most natural one according to [24]. In the case of nonconvex optimization, the main obstacle comes up from the fact the two above-mentioned cones may lose convexity. Giving up convexity naturally means that we need local instead of global analysis. As suggested in [3], two additional types of cones are proven to be helpful - tangent cone and cone of local feasible directions. The last two possess the guaranteed property of convexity, and hence they can be used to overcome some difficulties which appear in nonconvex optimization. However in nonconvex case, tangent cones do not necessarily represent the shape of the set considered even locally and the relation to trade-off directions is vague. Therefore to define trade-off directions in nonconvex case, we must use nonconvex contingent cones as it was suggested originally in [12] for smooth problems and later generalized for not necessarily differentiable problems in [16].

The aim of this paper is to link trade-off directions and optimality by deriving optimality conditions in terms of appropriate cones for both convex and nonconvex cases. The paper is organized as follows. In Section 2, we formulate a general multiobjective problem and introduce five most common optimality principles. For every optimality principle considered, we define generalized trade-off directions as optimal surface of some appropriate cones in Section 3. The next Section presents the main results showing interrelation between optimal solutions and corresponding generalized trade-off directions. The results are summarized in four patterns: two of them for convex case (Subsection 4.1) and the other two for nonconvex case (Subsection 4.2). Section 5 provides extended characterization of optimality and trade-offs for some peculiar cases. The paper is concluded in Section 6, where the differences and similarities between two cases are analyzed.

2 Problem formulation and preliminaries

We consider general multiobjective optimization problems of the following form: min_{x∈S} { f_1(x), f_2(x), . . . , f_k(x) } , where f_i : R^n → R for all i ∈ I_k := {1, . . . , k} are objective functions. The decision vector x belongs to the nonempty feasible set S ⊂ R^n. The image of the feasible set is denoted by Z ⊂ R^k. Elements of Z are termed objective vectors and they are denoted by z = f(x) = (f_1(x), f_2(x), . . . , f_k(x))^T , so Z := f(S). Additionally, we assume f_i : R^n → R be continuous for all i ∈ I_k.

The sum of two sets A_1 and A_2 is defined by A_1 + A_2 = {a_1 + a_2 | a_1 ∈ A_1, a_2 ∈ A_2}. The interior, closure, convex hull and complement of a set A are denoted by int A, cl A, conv A and A^C , respectively.

A set C is a cone if λx ∈ C whenever x ∈ C and λ > 0. We denote the positive orthant of R^k by R^k_+ = {d ∈ R^k | d_i ≥ 0 for every i ∈ I_k}. The positive orthant is also known as standard ordering cone. The negative orthant R^k_− is defined respectively. Note, that R^k_− and R^k_+ are closed convex cones.

In what follows, the notation z < y for z, y ∈ R^k means that z_i < y_i for every i ∈ I_k and, correspondingly, z ≤ y stands for z_i ≤ y_i for every i ∈ I_k.

Simultaneous optimization of several objectives for multiobjective optimization problem is not a straightforward task. Contrary to the the single objective case, the concept of optimality is not unique in multiobjective cases.

Below we give traditional definitions of five well-known and most fundamental principles of optimality (see e.g. [4], [14]).

Weak Pareto Optimality. An objective vector z^∗ ∈ Z is weakly Pareto optimal if there does not exist another objective vector z ∈ Z such that z_i < z^∗_i for all i ∈ I_k.

Pareto optimality or efficiency. An objective vector z^∗ ∈ Z is Pareto optimal or efficient if there does not exist another objective vector z ∈ Z such that z_i ≤ z^∗_i for all i ∈ I_k and z_j < z^∗_j for at least one index j.

Proper Pareto Optimality. An objective vector z^∗ ∈ Z is properly Pareto optimal if there exists no objective vector z ∈ Z such that z ∈ C for some convex cone C, R^k_− \ {0} ⊂ int C, attached to z^∗.

Strong Efficiency. An objective vector z^∗ ∈ Z is strongly Pareto optimal if for all i ∈ I_k there exists no objective vector z ∈ Z such that z_i < z^∗_i or in other words z^∗ ∈ Z optimizes all objectives z_i, i ∈ I_k.

Lexicographic Optimality. An objective vector z^∗ ∈ Z is lexicographically optimal if for all other objective vector z ∈ Z one of the following two conditions holds: 1) z = z^∗ 2) ∃ i ∈ I_k : (z^∗_i < z_i) ∧ (∀j ∈ I_{i−1} : z^∗_j = z_j ), where I_0 = ∅.

A solution is Pareto optimal if improvement in some objectives can only be obtained at the expense of some other objective(s) (see e.g. [4], [14]). The set of weakly Pareto optimal solutions contains the Pareto optimal solutions together with solutions where all the objectives cannot be improved simultaneously (see, e.g. [4], [14]). The set of improperly Pareto optimal solutions represents a set of efficient points with certain abnormal or irregular properties. Henceforth we use only one of the possible concepts of proper efficiency, which is according to Henig [7]. This concept uses a convex cone, which interior part must contain an inverse of standard ordering cone, to prohibit tradeoffs towards directions within the cone. Strong efficiency is generally referred to the solutions which deliver optimality to each objective. Despite feasibility of such solutions is rare, they provide an important information on the lower bound for each objective in the Pareto optimal set. On the other hand, lexicographic optimality principle is generally applied to the situation where objectives have no equal importance anymore but ordered according to their significance.

Next we define the five sets of efficient solutions by using appropriate ordering cones. It is trivial to verify that the definitions of optimality and efficiency formulated above are equivalent to those following below.

Definition 1 The globally weakly Pareto optimal set is

GW P (Z) := { z ∈ Z | (z + int R^k_−) ∩ Z = ∅ } ;

the globally Pareto optimal set is

GP O(Z) := { z ∈ Z | (z + R^k_− \ {0}) ∩ Z = ∅ } ; the globally properly Pareto optimal set is defined as

GP P (Z) := { z ∈ Z | (z + C \ {0}) ∩ Z = ∅ } for some convex cone C such that R^k_− \ {0} ⊂ int C; the globally strongly efficient set is

GSE(Z) := { z ∈ Z | (z + (R^k_+)^C ) ∩ Z = ∅ } ; and the globally lexicographically optimal set is

GLO(Z) := { z ∈ Z | (z + (C^k_{lex})^C ) ∩ Z = ∅ } , where the lexicographic cone is

C^k_{lex} := { 0 } ∪ { d ∈ R^k | ∃ i ∈ I_k such that d_i > 0 and d_j = 0 ∀ j < i } . Let B(x; ε) be an open ball with radius ε > 0 and center x ∈ R^n. The corresponding local concepts are defined in the following. Naturally, in a convex case, local and global concepts are equal.

Definition 2 The locally weakly Pareto optimal set with z = f(x) ∈ Z is given as

LW P (Z) := ⋃ δ>0 { z ∈ Z | (z + int R^k_−) ∩ Z ∩ f(B(x; δ)) = ∅ } ; the locally Pareto optimal set as

LP O(Z) := ⋃ δ>0 { z ∈ Z | (z + R^k_− \ {0}) ∩ Z ∩ f(B(x; δ)) = ∅ } ; the locally properly Pareto optimal set as

LP P (Z) := ⋃ δ>0 { z ∈ Z | (z + C \ {0}) ∩ Z ∩ f(B(x; δ)) = ∅ }

for some convex cone C such that R^k_− \ {0} ⊂ int C; the locally strongly efficient set with z = f(x) is defined as

LSE(Z) := ⋃ δ>0 { z ∈ Z | (z + (R^k_+)^C ) ∩ Z ∩ f(B(x; δ)) = ∅ } ; and the locally lexicographically optimal set with z = f(x) is

LLO(Z) := ⋃ δ>0 { z ∈ Z | (z + (C^k_{lex})^C ) ∩ Z ∩ f(B(x; δ)) = ∅ } . It is evident that we have the following relationships between the different optimality principles – see Figures 1 and 2.

GSE(Z) ⊂ GP P (Z) ⊂ GP O(Z) ⊂ GW P (Z) ⋂ ⋂ ⋂ ⋂ LSE(Z) ⊂ LP P (Z) ⊂ LP O(Z) ⊂ LW P (Z)

Figure 1: Collection of the relationships between local and global strong, weak, proper Pareto optimality and efficiency.

GSE(Z) ⊂ GLO(Z) ⊂ GP O(Z) ⊂ GW P (Z) ⋂ ⋂ ⋂ ⋂ LSE(Z) ⊂ LLO(Z) ⊂ LP O(Z) ⊂ LW P (Z)

Figure 2: Collection of the relationships between local and global efficiency, strong efficiency, lexicographic and weak Pareto optimality.

3 Generalized trade-off directions

The concept of trade-offs in multiobjective optimization is a key point to define compromise between conflicting objectives. It can be used to describe solutions which linearly approximate the feasible region and which are mutually non-dominated with respect to the given optimality principle. The trade-off directions can be used in many algorithms which requires specifying directions which may lead fast to the solution that is most preferred by the decision maker (see e.g. [1], [14]). Next we define several geometrical basic cones (see e.g. [24]).

Definition 3 The contingent cone of a set Z ⊂ R^k at z ∈ Z is defined as

K_z(Z) := { d ∈ R^k | there exist t_j ↘ 0 and d_j → d such that z + t_jd_j ∈ Z } . Definition 4 The cone of globally feasible directions of a set Z ⊂ R^k at z ∈ Z is denoted by

D_z(Z) := { d ∈ R^k | there exists t > 0 such that z + td ∈ Z } . The following definition provides regularity condition for Z at z ∈ Z.

Definition 5 The set Z is called regular at z ∈ Z if D_z(Z) = K_z(Z).

The definitions of contingent cones K_z(Z) and cones of globally feasible directions D_z(Z) are equally valid for both convex and nonconvex sets. Note, however, that the cone convexity, which holds for convex sets, is not guaranteed in nonconvex case. Since the contingent cones linearly approximates the shape of the feasible set, equally well in both convex (global approximation) and nonconvex (local approximation) cases, it can be used to define the generalized trade-off directions. A (weakly) Pareto surface of the contingent cone serves for that purposes.

In nonconvex case, the cone of feasible directions D_z(Z) does not describe the shape of Z locally. Thus, we introduce a cone of locally feasible directions, which reflects the shape of Z locally (see e.g. [19]).

Definition 6 The cone of locally feasible directions of a set Z ⊂ R^k at z ∈ Z is denoted by

F_z(Z) := { d ∈ R^k | there exists t > 0 such that z+τd ∈ Z for all τ ∈ (0, t] } . The following definition provides local regularity condition for Z at z ∈ Z.

Definition 7 The set Z is called locally regular at z ∈ Z if F_z(Z) = K_z(Z).

For nonconvex cases, Clarke [3] defined a convex tangent cone in the following way.

Definition 8 The tangent cone of a set Z ⊂ R^k at z ∈ Z is given by the formula

T_z(Z) := { d ∈ R^k | for all t_j ↘ 0 and z_j → z with z_j ∈ Z,

there exists d_j → d with z_j + t_jd_j ∈ Z } . The normal cone of Z at z ∈ Z is the polar cone of the tangent cone, that is, N_z(Z) := T_z(Z)^∘ = { y ∈ R^k | y^T d ≤ 0 for all d ∈ T_z(Z) } . Due to polarity and tangent cone convexity, the cone N_z(Z) is always convex and contains zero.

The following basic relations can be derived from the definitions of the concepts used and from [19], [25].

Lemma 1 For the cones K_z(Z), D_z(Z), T_z(Z) and F_z(Z) we have the following

a) K_z(Z) and T_z(Z) are closed and T_z(Z) is convex.

b) 0 ∈ K_z(Z) ∩ D_z(Z) ∩ T_z(Z) ∩ F_z(Z).

c) Z ⊂ z + D_z(Z).

cl D_z(Z) = K_z(Z) ⇐ Regularity ⇑ Convexity ⇒ Tangent Regularity ⇓ cl F_z(Z) = K_z(Z) ⇐ Local Regularity

Figure 3: Interconnection between various types of regularity.

d) cl F_z(Z) ⊂ K_z(Z) ⊂ cl D_z(Z).

e) T_z(Z) ⊂ K_z(Z).

f) If Z is convex, then cl F_z(Z) = T_z(Z) = K_z(Z) = cl D_z(Z). Moreover F_z(Z) = D_z(Z).

Note that, under convexity assumption, for any z ∈ Z we have cl F_z(Z) = K_z(Z), i.e. local regularity defines a bit stronger requirement on a local structure of a set than the convexity assumption. At the same time local regularity does not necessarily imply that cl D_z(Z) = K_z(Z), the condition which is guaranteed under convexity assumption.

In addition to previous lemma, later we will use the following technical result which is easy to prove.

Lemma 2 Let C be a convex cone. Then λx + μy ∈ C for all x, y ∈ C and λ, μ > 0.

Even though contingent cones are generally nonconvex, their convexity is guaranteed under special circumstances.

Definition 9 The set Z is called tangentially regular at z ∈ Z if T_z(Z) = K_z(Z).

Trivially, we can see that e.g. convex sets are always tangentially regular. Note that in order to formulate some of optimality conditions we use four different assumptions about structural properties of Z - convexity, tangent regularity, regularity and local regularity. In general all these are different and does not directly imply each others. The interconnection between the four regularity assumptions are presented in Figure 3.

The sets of generalized trade-off directions can be defined as follows

Definition 10 The set of generalized trade-off directions is defined as:

- in case of weak Pareto optimality:

G_W (Z) := GW P (K_z(Z));

- in case of Pareto optimality (efficiency):

G_P (Z) := GP O(K_z(Z));

- in case of strong efficiency:

G_S(Z) := GSE(K_z(Z));

- in case of lexicographic optimality:

G_L(Z) := GLO(F_z(Z)).

It is easy to see that in convex case GLO(F_z(Z)) = GLO(D_z(Z)) and GSE(K_z(Z)) = GSE(D_z(Z)). These results follow directly from the definitions and Lemma 1.

Notice that, since two solutions are considered to be mutually lexicographically non-dominated if they have the same objective vectors, we have to use the cone of locally feasible directions in the definition of the set of generalized trade-off directions in case with lexicographic optimality. Indeed, the set of generalized trade-off directions in case with local lexicographic optimality is either empty or one point 0 (origin of F_z(Z)) only, so it becomes indifferent if F_z(Z) is closed or open, what is not true in cases with other types of local optimality.

The following proposition specifies relations between generalized tradeoffs for different optimality principles.

Proposition 1 The following inclusions are true

G_S (Z) ⊂ G_L(Z) ⊂ G_P (Z) ⊂ G_W (Z).

Proof. The chain G_L(Z) ⊂ G_P (Z) ⊂ G_W (Z) follows straightforward from the definition of generalized trade-offs and relations specified in Figure 2. So, it remains to prove that G_S (Z) ⊂ G_L(Z). From the definition of G_S(Z), it is clear that G_S (Z) = ∅ or G_S (Z) = {0}. If G_S (Z) = ∅, there is nothing to prove. So suppose that G_S(Z) = {0}. Then 0 ∈ GSE(K_z(Z)) as well as 0 ∈ GLO(K_z(Z)). Since according to Lemma 1 (d), cl F_z(Z) ⊂ K_z(Z), we have 0 ∈ GLO(F_z(Z)), i.e. 0 ∈ G_L(Z). Thus we get the result. □

4 Main results

4.1 Convex case

Here we formulate and prove the basic results concerning relations between optimality and corresponding set of generalized trade-off directions in convex case.

Proposition 2 Let Z be convex. Then the following statements are true.

1. G_S(Z) = {0} if and only if

K_z(Z) ∩ R^k_+ = K_z(Z).

2. G_P (Z) ≠ ∅ if and only if

K_z(Z) ∩ R^k_−\{0} = ∅.

3. If G_P (Z) ≠ ∅, then D_z(Z) ∩ R^k_−\{0} = ∅. The sufficiency holds under the assumption that Z is regular.

4. G_W (Z) ≠ ∅ if and only if D_z(Z) ∩ int R^k_− = ∅.

5. G_L(Z) = {0} if and only if

D_z(Z) ∩ C^k_{lex} = D_z(Z).

Proof. First, we give the proof of statement 1. Obviously, we have

K_z(Z) ∩ R^k_+ = K_z(Z) ⇐⇒ (R^k_+)^C ∩ K_z(Z) = ∅,

which is in turn equivalent to 0 ∈ GSE(K_z(Z)) = G_S (Z). The last holds if and only if G_S(Z) = {0} (see [22], Theorem 4), and hence we proved the statement.

Then we give the proof of statement 2. Indeed, K_z(Z) ∩ R^k_−\{0} = ∅ is true if and only if 0 ∈ GP O(K_z(Z)), i.e. GP O(K_z(Z)). Now it remains to show that if G_P (Z) ≠ ∅, then 0 ∈ G_P (Z). Assume that there exists y ∈ G_P (Z). Then we get K_z(Z) ∩ (y + R^k_−\{0}) = ∅. Obviously (due to sharpness of K_z(Z) in convex case), we have K_z(Z) ∩ (0 + R^k_−\{0}) = ∅, i.e. 0 ∈ G_P (Z)

Now we prove statement 3. Since D_z(Z) ⊂ K_z(Z) the necessity follows from the previous statement. If Z is regular, then from D_z(Z) ∩ R^k_−\{0} = ∅ it follows that K_z(Z) ∩ R^k_−\{0} = ∅, thus G_P (Z) ≠ ∅.

We proceed with the proof of statement 4. In convex case K_z(Z) = cl D_z(Z), so D_z(Z) ∩ int R^k_− = ∅ is equivalent to (see Theorem 3, [15]) K_z(Z) ∩ int R^k_− = ∅, which is true if and only if 0 ∈ GW P (K_z(Z)), i.e. G_W (Z) ≠ ∅.

Finally, we show that statement 5 is true. Indeed, D_z(Z) ∩ C^k_{lex} = D_z(Z) is equivalent to D_z(Z) ∩ (C^k_{lex})^C = ∅, which is true if and only if 0 ∈ GLO(D_z(Z)), which is equivalent to G_L(Z) = {0} (see Theorem 5, [22]), because in convex case D_z(Z) = F_z(Z) (see Lemma 1 (f)). □

The following proposition can be obtained in convex case.

Proposition 3 Let Z be convex. Then the following statements are true.

1. G_S(Z) = {0} if and only if

N_z(Z) ∩ R^k_− = R^k_−.

2. G_P (Z) ≠ ∅ if and only if

N_z(Z) ∩ int R^k_− ≠ ∅.

3. If N_z(Z) ∩ R^k_− \ {0} ≠ ∅, then G_W (Z) ≠ ∅.

Proof. First, we prove statement 1. From Proposition 2 (statement 1), G_S (Z) = {0} if and only if K_z(Z) ∩ R^k_+ = K_z(Z). Using the properties of the polar cone (see Theorem 16.4.2 in [24], as well as Lemma 2.1 (b) and Lemma 3.1 (a) of [20]), we get

(K_z(Z) ∩ R^k_+)^∘ = cl (K_z(Z)^∘ + (R^k_+)^∘) = cl (N_z(Z) + R^k_−) = N_z(Z) + R^k_−.

Furthermore, N_z(Z) ∩ R^k_− = R^k_− if and only if R^k_− ⊂ N_z(Z). So we need to prove that N_z(Z)+R^k_− = N_z(Z) if and only if R^k_− ⊂ N_z(Z). If N_z(Z)+R^k_− = N_z(Z), since 0 ∈ N_z(Z), we have R^k_− ⊂ N_z(Z). On the other hand, if R^k_− ⊂ N_z(Z), then N_z(Z) + R^k_− ⊆ N_z(Z), (if a, b ∈ N_z(Z), then a + b ∈ N_z(Z)), and since N_z(Z) ⊆ N_z(Z) + R^k_− is always true, this ends the proof. □ Statement 2 follows directly from Proposition 2 (statement 2), Lemma 1 (f) and definition of the normal cone.

Finally we show that statement 3 is true. Indeed, we have K_z(Z) ∩ int R^k_− = ∅, which is equivalent to (see Theorem 3 in [15]) D_z(Z)∩int R^k_− = ∅, and from this with Proposition 4 it follows that G_W (Z) ≠ ∅. Let us assume that y ∈ N_z(Z) ∩ R^k_− \ {0}. If there exists x ∈ K_z(Z) ∩ int R^k_−, then y^T x > 0, and this is in contradiction with the definition of the polar cone. □ The following basic result gives conditions connecting various optimality and generalized trade-offs in convex case.

Theorem 1 Let Z be convex. Then the following statements are true.

1. G_S(Z) = {0} if and only if z ∈ GSE(Z).

2. G_P (Z) ≠ ∅ if and only if z ∈ GP P (Z).

3. If G_P (Z) ≠ ∅, then z ∈ GP O(Z). The sufficiency holds under assumption that Z is regular.

4. G_W (Z) ≠ ∅ if and only if z ∈ GW P (Z).

5. G_L(Z) = {0} if and only if z ∈ GLO(Z).

Proof. Statement 1 follows directly from Proposition 2 (statement 1) and the fact that z ∈ GSE(Z) if and only if K_z(Z) ∩ R^k_+ = K_z(Z) (see Theorem 3.1, [20]).

Statement 2 follows directly from Proposition 2 (statement 2) and the fact that z ∈ GP P (Z) if and only if K_z(Z) ∩ R^k_−\{0} = ∅ (see Theorem 2.1, [20]).

Statement 3 follows directly from Proposition 2 (statement 3) and the fact that z ∈ GP O(Z) if and only if D_z(Z) ∩ R^k_−\{0} = ∅ (see Theorem 2.1, [20]).

Statement 4 follows directly from Proposition 2 (statement 4) and the fact that z ∈ GW P (Z) if and only if D_z(Z) ∩ int R^k_− = ∅ (see Theorem 2.1, [20]).

Statement 5 follows directly from Proposition 2 (statement 5) and the fact that z ∈ GLO(Z) if and only if D_z(Z) ∩ C^k_{lex} = D_z(Z) (see Theorem 4.1, [20]). □

4.2 Nonconvex case

In this section we additionally assume f(B(x; ε)) to be open for all x ∈ S and ε > 0. Here we formulate and prove the basic results concerning relations between optimality and corresponding set of generalized trade-off directions in nonconvex case.

Proposition 4 The following statements are true.

1. The generalized trade-off G_S (Z) = {0} if and only if K_z(Z) ∩ R^k_+ = K_z(Z).

2. If K_z(Z) ∩ R^k_−\{0} = ∅, then G_P (Z) ≠ ∅. The sufficiency holds under assumption that Z is tangentially regular.

3. If F_z(Z) ∩ R^k_−\{0} = ∅, then G_P (Z) ≠ ∅ under assumption that Z is locally regular. The sufficiency holds under assumption that Z is both tangentially and locally regular.

4. The generalized trade-off G_W (Z) ≠ ∅ if and only K_z(Z) ∩ int R^k_− = ∅.

5. The generalized trade-off G_L(Z) = {0} if and only if F_z(Z) ∩ C^k_{lex} = F_z(Z).

Proof.

The proof of statement 1 is analogous to the proof of statement 1 in Proposition 2.

Now we prove statement 2. The necessity follows similarly to convex case. As far as sufficiency is concerned, let us assume that G_P (Z) ≠ ∅. Then from the definition of G_P (Z) it follows that there exists y ∈ GP O(K_z(Z)). If there exists x ∈ K_z(Z) ∩ R^k_−\{0}, using that K_z(Z) is a convex cone because of the tangent regularity and Lemma 2, we get: y + x ∈ K_z(Z). But y + x ≤ y, and since x ≠ 0, there exists i, such that y_i + x_i < y_i, i.e. y is not Pareto optimal, and thus y /∈ GP O(K_z(Z)), and this is a contradiction.

Statement 3 follows directly. Indeed, local regularity means that F_z(Z) = K_z(Z), with this assumption the result follows from the previous statement.

In statement 4, necessity is also straightforward. Indeed, K_z(Z)∩int R^k_− = ∅ is true if and only if 0 ∈ GW P (K_z(Z)), i.e. G_W (Z) ≠ ∅. As far as sufficiency is concerned, let us assume that G_W (Z) ≠ ∅. Then from the definition of G_W (Z) it follows that there exists y ∈ GW P (K_z(Z)). Suppose that there exists x ∈ K_z(Z) ∩ int R^k_−. Obviously, multiplying by an arbitrary large μ > 0, we can guarantee that μ · x < y (i.e. μ · x_i < y_i for all indices i) and at the same time μ · x ∈ K_z(Z), i.e. y is not weakly Pareto optimal, and thus y ∉ GW P (K_z(Z)), so the last is a contradiction.

To prove the last statement it is enough to notice that F_z(Z) ∩ C^k_{lex} = F_z(Z) is equivalent to F_z(Z) ∩ (C^k_{lex})^C = ∅, which is true if and only if 0 ∈ GLO(F_z(Z)). From the last it follows that G_L(Z) ≠ ∅. Now it remains to show, that if y ∈ F_z(Z), y ≠ 0, then y ∉ G_L(Z). Indeed, if y ∈ F_z(Z), y ≠ 0, then (y + (C^k_{lex})^C ) ∩ F_z(Z) ≠ ∅ and then y ∉ G_L(Z) □

The following corollaries can be obtained in nonconvex case.

Proposition 5 The following statements are true.

1. If G_S (Z) = {0}, then

N_z(Z) ∩ R^k_− = R^k_−.

The sufficiency holds under assumption that Z is tangentially regular.

2. Let Z be tangentially regular. Then G_P (Z) ≠ ∅ if and only if

N_z(Z) ∩ int R^k_− ≠ ∅.

3. If N_z(Z) ∩ R^k_− \ {0} ≠ ∅, then G_W (Z) ≠ ∅ under assumption that Z is tangentially regular.

Proof. The proof of statement 1 is similar to the proof of statement 1 in Proposition 3 using tangent regularity in case of sufficiency. For the necessity part, we don’t need this assumption, since from Proposition 4 (statement 1) we know that if G_S (Z) = {0} then K_z(Z) ∩ R^k_+ = K_z(Z), thus T_z(Z) ⊂ K_z(Z) ⊂ R^k_+. We know that if C_1, C_2 are convex cones such that C_1 ⊂ C_2, then C^∘_2 ⊂ C^∘_1 . Thus from T_z(Z) ⊂ R^k_+ it follows that R^k_− ⊂ N_z(Z).

The proof of statement 2 is identical to the proof of statement 2 in Proposition 3 using that K_z(Z) = T_z(Z).

To prove statement 3, we notice that K_z(Z) ∩ int R^k_− = ∅ together with statement 4 in Proposition 4 imply G_W (Z) ≠ ∅. Let us assume that y ∈ N_z(Z) ∩ R^k_− \ {0}. If there exists x ∈ K_z(Z) ∩ int R^k_−, then y^T x > 0, and this is in contradiction with the definition of the polar cone. □ The following basic results give conditions connecting various optimality and generalized trade-offs in nonconvex case.

Theorem 2 The following statements are true.

1. If z ∈ LSE(Z), then G_S (Z) = {0}.

2. If z ∈ LP P (Z), then G_P (Z) ≠ ∅. The sufficiency holds under assumption that Z is tangentially regular.

3. If z ∈ LP O(Z), then G_P (Z) ≠ ∅ under assumption that Z is locally regular. The sufficiency holds under assumption that Z is both locally and tangentially regular.

4. If z ∈ LW P (Z), then G_W (Z) ≠ ∅.

5. If z ∈ GLO(Z), then G_L(Z) = {0}.

Proof. First we prove statement 1. Indeed, if z ∈ LSE(Z), then K_z(Z)∩ R^k_+ = K_z(Z). (for the proof see Theorem 3 of [21]). Now taking into account statement 1 of Proposition 4, we get the correctness of statement 1.

Statement 2 follows directly from Proposition 4 (statement 2) and the fact that z ∈ LP P (Z) if and only if K_z(Z) ∩ R^k_−\{0} = ∅ (see Theorem 2, [16]).

Now we show the correctness of statement 3. Indeed, if F_z(Z)∩R^k_− \{0} = ∅ and Z is locally regular at z, then z ∈ LP O(Z) (for the proof see Theorem 2 of [21]). Now taking into account statement 3 of Proposition 4, we get the result.

Statement 4 follows directly form statement 4 of Proposition 4 and the fact that if z ∈ LW P (Z), then K_z(Z) ∩ int R^k_− = ∅ (see Theorem 7, [15]).

Finally, we show the correctness of statement 5. Indeed, if z ∈ LLO(Z), then F_z(Z) ∩ C^k_{lex} = F_z(Z) (see Theorem 5 of [21]). Now taking into account statement 5 of Proposition 4, we get the statement. □

The results related to the four optimality concepts involving proper Pareto optimality and different cones are collected in Table 1, in the case if Z is convex, and in Table 3 otherwise. The results related to the four optimality concepts involving lexicographic optimality and different cones are collected in Table 2, in the case if Z is convex, and in Table 4 otherwise. In these tables tangent regularity is noted by ∗, local regularity is noted by ∗∗, and regularity is noted by ∗ ∗ ∗.

5 Characterization

Next we show how the concept of generalized trade-offs can be characterized by normal cones and vectors. Before we need some lemmas.

Lemma 3 If Z = z +C, where C is a cone, then F_z(Z) = C (in other words Z = z + F_z(Z)).

Proof. Necessity. Suppose d ∈ F_z(Z). Then there exists t > 0 such that z + τd ∈ Z = z + C for all τ ∈ (0, t]. It implies that τd ∈ C, and hence d ∈ C. The last implies F_z(Z) ⊆ C.

Sufficiency. Suppose d ∈ C. Choose t := 1. Then z + τd ∈ z + C = Z for all τ ∈ (0, 1]. It implies that d ∈ F_z(Z), i.e. C ⊆ F_z(Z). This ends the proof.

Lemma 4 If Z = z + C, where C is a cone, then cl F_z(Z) = K_z(Z) = cl D_z(Z) = cl C.

Proof. From Lemma 1, it follows that cl F_z(Z) ⊆ K_z(Z) ⊆ cl D_z(Z). Let d ∈ D_z(Z), then there exists d_j → d such that d_j ∈ D_z(Z) for all j. It implies that there exists t_j > 0 such that z + t_j d_j ∈ Z = z + C, i.e. t_j d_j ∈ C for all j. Hence d_j ∈ C for all j. Since Z = z + C, by Lemma 3 we have d_j ∈ F_z(Z) for all j. Therefore d_j → d ∈ cl F_z(Z) for all j. The last implies cl D_z(Z) ⊆ cl F_z(Z), and finally taking into account Lemma 3, we deduce cl F_z(Z) = K_z(Z) = cl D_z(Z) = cl C. The last ends the proof.

Theorem 3 If Z = z + C, where C is a closed cone, then

GP P (Z) = LP P (Z) = LP O(Z) = GP O(Z).

Proof. Evidently, GP P (Z) ⊆ LP P (Z) ⋂ | ⋂ | GP O(Z) ⊆ LP O(Z) . We first show that LP O(Z) ⊆ LP P (Z). Indeed, if z ∈ LP O(Z), then by Theorem 8 in [15] F_z(Z)∩R^k_− \{0} = ∅. Hence by Lemma 3 C ∩R^k_− \{0} = ∅, and since C is closed, cl C ∩ R^k_− \ {0} = ∅. Again applying Lemma 3 we get cl F_z(Z) ∩ R^k_− \ {0} = ∅. By Lemma 1, we deduce K_z(Z) ∩ R^k_− \ {0} = ∅, and finally by Theorem 6 in [15] we get z ∈ LP P (Z).

Next we show that LP P (Z) ⊆ GP P (Z). Indeed, if z ∈ LP P (Z), then by Theorem 6 in [15] K_z(Z) ∩ R^k_− \ {0} = ∅, and hence by Lemma 4 cl D_z(Z) ∩ R^k_− \ {0} = ∅. Finally, according to Theorem 1 in [21], we conclude z ∈ GP P (Z).

Combined all what has been proven above we obtain that GP P (Z) = LP P (Z) = LP O(Z) = GP O(Z). This ends the proof.

Theorem 4 Let Z be tangentially regular. If d ∈ G_P (Z), then d^T y ≤ 0 for all y ∈ N_z(Z) and d^T y = 0 for some y ∈ N_z(Z) ∩ int R^k_−.

Proof. Let d ∈ G_P (Z). Using tangent regularity, we get

G_P (Z) = GP O(K_z(Z)) = GP O(T_z(Z)) ⊆ T_z(Z).

Hence, d^T y ≤ 0 for all y ∈ N_z(Z). For any λ ≥ 0,

∑_n i=1 λ_i = 1 consider the following problem min δ∈T_z (Z)

λ^T δ. (1)

Using consequently tangent regularity and the fact that T_z(Z) is a closed cone, it follows from Theorem 3 that

d ∈ G_P (Z) = GP O(T_z(Z)) = GP P (T_z(Z)),

i.e. d is properly Pareto optimal with respect to T_z(Z). Since T_z(Z) is convex, due to the classical result of Theorem 2 in [6], there exists λ > 0 such that d is the solution of (1). Then it follows that λ^T d ≥ 0, otherwise the problem (1) would have an unbounded solution, since T_z(Z) is unbounded. Thus we get 0 ≤ λ^T d ≤ λ^T δ for all δ ∈ T_z(Z). Since 0 ∈ T_z(Z), we get 0 ≤ λ^T d ≤ λ^T · 0 = 0, i.e. λ^T d = 0. By choosing y := −λ, we get d^T y = 0, and y ∈ N_z(Z) ∩ int R^k_−. □

Note that the result of Theorem 4 is stronger than the result of Theorem 5 in [16]. The following theorem states similar result for weakly Pareto tradeoffs.

Theorem 5 Let Z be tangentially regular. If d ∈ G_W (Z), then d^T y ≤ 0 for all y ∈ N_z(Z) and d^T y = 0 for some y ∈ N_z(Z) ∩ R^k_−\{0}.

Proof. We follow the proof scheme of Theorem 4 performing minor changes reflecting the specific of the case considered. Let d ∈ G_W (Z). Using tangent regularity, we get

G_W (Z) = GW P (K_z(Z)) = GW P (T_z(Z)) ⊆ T_z(Z).

Hence, d^T y ≤ 0 for all y ∈ N_z(Z). For any λ ≥ 0,

∑_n

i=1 λ_i = 1 consider again problem (1). Since d is weakly Pareto optimal with respect to T_z(Z) and T_z(Z) is convex, due to the classical result connecting the weakly Pareto optimal solutions and the solutions of weighted sum scalarization (see e.g Proposition 3.10 in [4]), there exists λ ≥ 0, λ ≠ 0 such that d is the solution of (1). Then it follows that λ^T d ≥ 0, otherwise the problem (1) would have an unbounded solution, since T_z(Z) is unbounded. Thus we get 0 ≤ λ^T d ≤ λ^T δ for all δ ∈ T_z(Z). As a remark, notice also that λ^T d = λ^T δ for all δ ∈ T_z(Z) with δ_i = k · d_i for any collection of indices i such that λ_i = 0 and δ_i = d_i for the remaining i, where k is an arbitrary multiplier. Since 0 ∈ T_z(Z), we get 0 ≤ λ^T d ≤ λ^T · 0 = 0, i.e. λ^T d = 0. By choosing y := −λ, we get d^T y = 0, and y ∈ N_z(Z) ∩ R^k_−. □

As noted in Theorem 4 and Theorem 5, generalized trade-off directions can be characterized with the help of normal vectors in a tangentially regular case. In [16] (see Theorem 6 therein), some optimality conditions related to normal vectors were obtained in the case of local proper Pareto optimality. Here we present one more result of that kind related to local weak Pareto optimality.

In what follows, we assume the feasible region to be of the form

S = {x ∈ R^n | (g_1(x), g_2(x), . . . , g_m(x))^T ≤ 0},

where each g_i : R^n → R is locally Lipschitz continuous. The Cottle constraint qualification is valid at x̂ if either g_s(x̂) < 0 for all s = 1, . . . , m, or 0 /∈ conv {∂g_s(x̂) | g_s(x̂) = 0}. For any given y ∈ R^k_−, denote I := {1, 2, ..., k} = I_<(y) ∪ I_=(y), where I_<(y) := {i| y_j < 0} and I_=(y) := {i| y_j = 0}.

Theorem 6 Let ẑ = f(x̂) ∈ LW P (Z) and let x̂ ∈ S satisfy the Cottle constraint qualification. If there exists y ∈ N_ẑ(Z) ∩ R^k_−\{0}, then there exists 0 ≤ λ ∈ R^k, λ ≠ 0, and 0 ≤ μ ∈ R^m such that μ_sg_s(x̂) = 0 for every s = 1, . . . , m, and 0 ∈ ∑ i∈I_<(y) − λ_i y_i

∂f_i(x̂) + ∑ j∈I_=(y)

λ_j ∂f_j (x̂) + m∑ s=1 μ_j∂g_j (x̂).

Proof. As a guideline we follow the proof scheme of Theorem 6 in [16]. Since ẑ ∈ LW P (Z), there exists a radius δ > 0 such that ẑ is globally weakly Pareto optimal in Z ∩ f(B(x̂; δ)). The assumption y ∈ N_ẑ(Z) ∩ R^k_−\{0} means that y_i ≤ 0 for every i = 1, . . . , k and y_j < 0 for some j. Notice that I_<(y) ≠ ∅ for all y ∈ N_ẑ(Z) ∩ R^k_−\{0}.

Let us define for every x ∈ S a function

F (x) = max_{i∈I} F_i(x),

where

F_i(x) = { −^1_{yi} (f_i(x) − ẑ_i − y_i), i ∈ I_<(y); f_i(x) − ẑ_i + 1, i ∈ I_=(y).

This function attains its local minimum at x̂ ∈ S ∩ B(x̂; δ). If this was not the case, there would exist x^∘ ∈ S ∩ B(x̂; δ) such that

F (x^∘) = max_{i∈I} F_i(x^∘) = max { max i∈I_<(y) [ − 1 y_i

(f_i(x^∘) − ẑ_i − y_i) ] , max

j∈I_=(y)

(f_j(x^∘)−ẑ_j +1) } <

F (x̂) = max { max i∈I_<(y) [ − 1 y_i

(f_i(x̂) − ẑ_i − y_i) ] , max

j∈I_=(y)

(f_j (x̂) − ẑ_j + 1) } = 1.

This means that −^1_{yi} (f_i(x^∘) − ẑ_i − y_i) < 1 for every i ∈ I_<(y), and f_j(x^∘) − ẑ_j + 1 < 1 for every j ∈ I_=(y). In other words, f_i(x^∘) < ẑ_i for every i ∈ I, which contradicts the local weak Pareto optimality of ẑ.

Now we know that F (x̂) ≤ F (x) for every x ∈ S ∩ B(x̂; δ). According to necessary Karush-Kuhn-Tucker optimality conditions (see e.g. Corollary 5.3.5 in [19]) there exists 0 ≤ μ ∈ R^m such that μ_sg_s(x̂) = 0 for every s = 1, . . . , m and

0 ∈ ∂F (x̂) + m∑ s=1 μ_s∂g_s(x̂).

According to Propositions 2.3.1, 2.3.3 and 2.3.12 in [3] we have

∂F (x̂) ⊂ conv { ∂ ( − 1 y_i

(f_i(x̂) − ẑ_i − y_i) ) , ∂ ( f_j (x̂) − ẑ_j + 1 ) | i ∈ I_<(y), j ∈ I_=(y) }

⊂ conv { − 1 y_i

∂(f_i(x̂) − ẑ_i − y_i), ∂(f_j (x̂) − ẑ_j + 1) | i ∈ I_<(y), j ∈ I_=(y) }

⊂ conv { − 1 y_i

∂f_i(x̂), ∂f_j (x̂) | i ∈ I_<(y), j ∈ I_=(y) } . From the definition of convex hulls we know that there exists 0 ≤ λ ∈ R^k such that ∑ i∈I λ_i = 1 and

∂F (x̂) ⊂ ∑ i∈I_<(y) − λ_i y_i

∂f_i(x̂) + ∑ j∈I_=(y)

λ_j∂f_j (x̂). □

6 Concluding remarks

In this paper we have generalized the concept of trade-off directions by defining them as an optimal surface of the appropriate cone. For both convex and nonconvex cases, we derived optimality conditions linking trade-offs and corresponding efficiency. We noticed that in the case of lexicographic and strong efficiency, the set of generalized trade-off directions is either empty or it contains zero vector only. This reflects the fact that these two optimality principles are in some sense degenerate, since they do not contain any meaningful trade-offs. Indeed, the lexicographic optimality principles involves sequential optimization, and strong efficiency is a kind of parallel optimization, whose ideas are closer to single objective than to multiobjective optimization. However, non-emptiness of the set of generalized trade-offs is very informative, and therefore generalized trade-offs can be seen as an alternative advance tool to describe the given optimality conditions for all five optimality principles considered in the paper.

References

[1] J. Branke, K. Deb, K. Miettinen and R. Slowinski (Eds.) Multiobjective Optimization Interactive and Evolutionary Approaches, Series: Lecture Notes in Computer Science, Vol. 5252, Springer, 2008.

[2] A. Chinchuluun, A. Migdalas, P.M. Pardalos, and L. Pitsoulis (Eds.), Pareto Optimality, Game Theory and Equilibria, Springer, 2008.

[3] F.H. Clarke, Optimization and Nonsmooth Analysis, John Wiley & Sons, Inc., New York, 1983.

[4] M. Ehrgott, Multicriteria optimization, Springer, Berlin, 2005.

[5] G. Giorgi, A. Guerraggio, J. Thierelder, Mathematics of Optimization:

Smooth and Nonsmooth Case, Elsevier Science, Amsterdam-Boston, 2004.

[6] A.M. Geoffrion, ”Proper Efficiency and the Theory of Vector Optimization”, Journal of Mathematical Analysis and Applications, Vol. 22, (1968) pp. 618 – 630.

[7] M.I. Henig, ”Proper Efficiency with Respect to Cones”, Journal of Optimization Theory and Applications, Vol. 36, (1982) pp. 387 – 407.

[8] M.I. Henig, ”A Cone Separation Theorem”, Journal of Optimization Theory and Applications, Vol. 36, (1982) pp. 451 – 455.

[9] M. I. Henig, J. T. Buchanan,”Tradeoff Directions in Multiobjective Optimization Problems”, Mathematical Programming, Vol. 78, (1997) pp. 357 – 374.

[10] I. Kaliszewski, W. Michalowski, ”Generation of Outcomes with Selectively Bounded Trade-Offs”, Found. Comput. Decis. Science, Vol. 20, (1995) pp. 113 – 122.

[11] I. Kaliszewski, W. Michalowski, ”Efficient Solutions and Bounds on Trade-Offs”, Journal of Optimization Theory and Applications, Vol. 94, (1997) pp. 381 – 394.

[12] G. M. Lee, H. Nakayama, ”Generalized Trade-Off Directions in Multiobjective Optimization Problems”, Appl. Math. Lett., Vol. 10, (1997) pp. 119 – 122.

[13] D. Luc, Theory of Vector Optimization, Lecture Notes in Economics and Mathematical Systems, Springer-Verlag New York, 1989.

[14] K. Miettinen, Nonlinear Multiobjective Optimization, Kluwer Academic Publishers, Boston, 1999.

[15] K. Miettinen, M.M. Mäkelä, ”On Cone Characterizations of Weak, Proper and Pareto Optimality in Multiobjective Optimization”, Mathematical Methods of Operations Research, Vol. 53, (2001) pp. 233 – 245.

[16] K. Miettinen, M. M. Mäkelä, ”On generalized trade-off directions in nonconvex multiobjective optimization”, Mathematical Programming. Ser A, Vol. 92, (2002) pp. 141 – 151.

[17] K. Miettinen, M. M. Mäkelä, ”Characterizing generalized trade-off directions”, Mathematical Methods of Operations Research, Vol. 57, (2003) pp. 89 – 100.

[18] S. Mishra, G. Giorgio, Invexity and Optimization. In Nonconvex Optimization and Its Application, (P. Pardalos, Eds.), Springer 2008.

[19] M.M. Mäkelä, P. Neittaanmäki, Nonsmooth Optimization: Analysis and Algorithms with Applications to Optimal Control, World Scientific Publishing Co., Singapore, 1992.

[20] M. M. Mäkelä, Y. Nikulin, ”On Cone Characterizations of Strong and Lexicographic Optimality in Convex Multiobjective Optimization”, Journal of Optimization Theory and Applications, Vol. 143, (2009) pp. 519 – 538.

[21] M. M. Mäkelä, Y. Nikulin, ”Nonconvex Multiobjective Programming:

Geometry of Optimality via Cones”, TUCS Report 931, Turku Centre for Computer Science (2009).

[22] M. M. Mäkelä, Y. Nikulin, J. Mezei, ”On Generalized Trade-Off Directions for Basic Optimality Principles in Nonconvex Multiobjective Optimization”, TUCS Report 940, Turku Centre for Computer Science (2009).

[23] M. Rentmeesters, W. Tsai, and K. Lin. A Theory of Lexicographic Multi- Criteria Optimization. In Proceedings of the 2nd IEEE International Conference on Engineering of Complex Computer Systems, IEEE Computer Society, Washington, USA, 1996.

[24] R.T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, New Jersey, 1970.

[25] R.T. Rockafellar, The Theory of Subgradients and Its Applications to Problems of Optimization. Convex and Nonconvex Functions, Heldermann Verlag, Berlin, 1981.

[26] M. Sakawa, H. Yano, ”Trade-Off Rates in the Hyperplane Method for Multiobjective Optimization Problems”, European Journal of Operational Research, Vol. 44, (1990) pp. 105 – 118.

[27] H. Yano, M. Sakawa, ”Trade-Off Rates in the Weighted Tschebycheff Norm Method”, Large Scale Systems, Vol. 13, (1987) pp. 167 – 177.

D_z(Z) ∩ R^k_+ = D_z(Z) ⇕ z ∈ GSE(Z) ⇔ K_z(Z) ∩ R^k_+ = K_z(Z) ⇔ N_z(Z) ∩ R^k_− = R^k_− ⇔ G_S(Z) = {0}

⇓ ⇓ ⇓ ⇓

z ∈ GP P (Z) ⇔ K_z(Z) ∩ R^k_− \ {0} = ∅ ⇔ N_z(Z) ∩ int R^k_− ≠ ∅ ⇔ G_P (Z) ≠ ∅

⇕^{∗∗∗} ⇕^{∗∗∗} ⇓ ⇕

z ∈ GP O(Z) ⇔ D_z(Z) ∩ R^k_− \ {0} = ∅ ⇔ ⇔^{∗∗∗} G_P (Z) ≠ ∅ ⇓ ⇓ ⇓ ⇓

z ∈ GW P (Z) ⇔ D_z(Z) ∩ int R^k_− = ∅ ⇔ N_z(Z) ∩ R^k_− \ {0} ≠ ∅ ⇔ G_W (Z) ≠ ∅ ⇕ K_z(Z) ∩ int R^k_− = ∅

Table 1: Collection of the relationships in convex case with proper Pareto optimality (∗ - tangent regularity , ∗∗ - local regularity, ∗ ∗ ∗ - regularity).

D_z(Z) ∩ R^k_+ = D_z(Z) ⇕ z ∈ GSE(Z) ⇔ K_z(Z) ∩ R^k_+ = K_z(Z) ⇔ N_z(Z) ∩ R^k_− = R^k_− ⇔ G_S (Z) = {0}

⇓ ⇓ ⇓ ⇓

z ∈ GLO(Z) ⇔ D_z(Z) ∩ C^k_{lex} = D_z(Z) ⇔ ⇔ G_L(Z) = {0}

⇓ ⇓ ⇓ ⇓

z ∈ GP O(Z) ⇔ D_z(Z) ∩ R^k_− \ {0} = ∅ ⇔ ⇔^{∗∗∗} G_P (Z) ≠ ∅ ⇓ ⇓ ⇓ ⇓

z ∈ GW P (Z) ⇔ D_z(Z) ∩ int R^k_− = ∅ ⇔ N_z(Z) ∩ R^k_− \ {0} ≠ ∅ ⇔ G_W (Z) ≠ ∅ ⇕ K_z(Z) ∩ int R^k_− = ∅

Table 2: Collection of the relationships in convex case with lexicographic optimality (∗ - tangent regularity , ∗∗ - local regularity, ∗ ∗ ∗ - regularity).

∗ ⇔ N_z(Z) ∩ R^k_− = R^k_− D_z(Z) ∩ R^k_+ = D_z(Z) ⇔ z ∈ GSE(Z) ⇒ z ∈ LSE(Z) ⇒ K_z(Z) ∩ R^k_+ = K_z(Z) ⇕_∗ ⇔ G_S(Z) = {0}

⇓ ⇓ ⇓ ⇓

∗ ⇔ N_z(Z) ∩ int R^k_− ≠ ∅ cl D_z(Z) ∩ R^k_−\{0} = ∅ ⇔ z ∈ GP P (Z) ⇒ z ∈ LP P (Z) ⇔ K_z(Z) ∩ R^k_− \ {0} = ∅ ⇕^∗_∗ ⇔ G_P (Z) ≠ ∅ ⇕^{∗∗∗} ⇕^{∗∗∗} ⇕^{∗∗} ⇕^{∗∗}

∗∗,∗ ⇔∗∗ N

z(Z) ∩ int R^k_− ≠ ∅ D_z(Z) ∩ R^k_− \ {0} = ∅ ⇔ z ∈ GP O(Z) ⇒ z ∈ LP O(Z)^{∗∗} ⇔ F_z(Z) ∩ R^k_− \ {0} = ∅ ⇕^∗

∗∗,∗ ⇔∗∗ G

P (Z) ≠ ∅ ⇓ ⇓ ⇓ ⇓

∗ ⇔ N_z(Z) ∩ R^k_− \ {0} ≠ ∅ D_z(Z) ∩ int R^k_− = ∅ ⇔ z ∈ GW P (Z) ⇒ z ∈ LW P (Z) ⇒ K_z(Z) ∩ int R^k_− = ∅ ⇕_∗ ⇔ G_W (Z) ≠ ∅

Table 3: Collection of the relationships in nonconvex case with proper Pareto optimality (∗ - tangent regularity , ∗∗ - local regularity, ∗ ∗ ∗ - regularity).

∗ ⇔ N_z(Z) ∩ R^k_− = R^k_− D_z(Z) ∩ R^k_+ = D_z(Z) ⇔ z ∈ GSE(Z) ⇒ z ∈ LSE(Z) ⇒ K_z(Z) ∩ R^k_+ = K_z(Z) ⇕_∗ ⇔ G_S (Z) = {0}

⇓ ⇓ ⇓ ⇓

D_z(Z) ∩ C^k_{lex} = D_z(Z) ⇔ z ∈ GLO(Z) ⇒ z ∈ LLO(Z) ⇒ F_z(Z) ∩ C^k_{lex} = F_z(Z) ⇔ G_L(Z) = {0}

⇓ ⇓ ⇓ ⇓

∗∗,∗ ⇔∗∗ N

z(Z) ∩ int R^k_− ≠ ∅ D_z(Z) ∩ R^k_− \ {0} = ∅ ⇔ z ∈ GP O(Z) ⇒ z ∈ LP O(Z)^{∗∗} ⇔ F_z(Z) ∩ R^k_− \ {0} = ∅ ⇕^∗

∗∗,∗ ⇔∗∗ G

P (Z) ≠ ∅ ⇓ ⇓ ⇓ ⇕

∗ ⇔ N_z(Z) ∩ R^k_− \ {0} ≠ ∅ D_z(Z) ∩ int R^k_− = ∅ ⇔ z ∈ GW P (Z) ⇒ z ∈ LW P (Z) ⇒ K_z(Z) ∩ int R^k_− = ∅ ⇓_∗ ⇔ G_W (Z) ≠ ∅

Table 4: Collection of the relationships in nonconvex case with lexicographic optimality (∗ - tangent regularity , ∗∗ - local regularity, ∗ ∗ ∗ - regularity).

Lemminkäisenkatu 14 A, 20520 Turku, Finland | www.tucs.fi

University of Turku

• Department of Information Technology • Department of Mathematics

Åbo Akademi University

• Department of Computer Science • Institute for Advanced Management Systems Research

Turku School of Economics and Business Administration

• Institute of Information Systems Sciences

ISBN 978-952-12-2458-4 ISSN 1239-1891