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Abstract: In this work we shall give a probabilistic interpretation of possibilistic ex-
pected value, variance, covariance and correlation.

1 Probability and possibility

In probability theory, the dependency between tandom variablesan be charac-
terized through their joint probability density function. NamelyXifandY are two

random variables with probability density functiofig () and fy (y), respectively,
then the density functionfx y (x, y), of their joint random variabléX,Y"), should

satisfy the following properties

/ Py (@ t)dt = fx(x), / e (ty)dt = fr (y)
R R
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forall z,y € R. Furthermorefx (z) andfy (y) are called the the marginal probability
density functions of random variab{&, V). X andY are said to be independent if
the relationshipfx vy (z,y) = fx(x)fy (y) holds for allz,y. The expected value of
random variableX is defined as

E(X)= / xfx(z)dz.
R
The covariance between two random variabfeandY is defined as
Cov(X,Y) = B((X — E(X))(Y — E(Y))) = E(XY) — B(X)E(Y),

and if X andY are independent theflov(X,Y") = 0. The variance of random vari-
able X is defined byr% = E(X2) — (E(X))’. The correlation coefficient between
X andY is defined by

Cov(X,Y)
Var(X)Var(Y)

p(X,Y) =

anditisclearthat-1 < p(X,Y) < 1.

A fuzzy numbeH is a fuzzy set of the real line with a normal, (fuzzy) convex and
continuous membership function of bounded support. The family of fuzzy numbers
will be denoted byF. Fuzzy numbers can be considered as possibility distributions
[2,5]. If A € Fis afuzzy number and € R a real number them(x) can be
interpreted as the degree of possiblity of the statemeig A”. A fuzzy setC in R”

is said to be a joint possibility distribution of fuzzy numbetse F,i =1,...,n,if

it satisfies the relationship

C(z1,...,xn) = Ai(z;
£ B O 0] = il
forallz; € R,i = 1,...,n. FurthermoreA; is called thei-th marginal possibility
distribution ofC, and the projection of’ on thei-th axis isA; fori =1,...,n.

Fuzzy numbersd; € F,i = 1,...,n are said to be non-interactive if their joint
possibility distributionC' satisfies the relationship

C(x1,...,xy) = min{Ay(z1),..., An(zn)},

or, equivalently[C]” = [A;]Y x -+ x [A,]" holds for allzy,...,z, € Randy €
[0,1]. Marginal probability distributions are determined from the joint one by the
principle of 'falling integrals’ and marginal possibility distributions are determined
from the joint possibility distribution by the principle of 'falling shadows’.

If A, B € F are non-interactive then their joint membership function is defined by
A x B, where(A x B)(z,y) = min{A(z), B(y)} for anyz,y € R. ltis clear that

in this case any change in the membership functiod afoes not effect the second
marginal possibility distribution and vice versa. On the other hahdnd B are said

to be interactive if they can not take their values independently of each other [2].



Let A € F be fuzzy number withHA]” = [a1(7), a2(v)], v € [0,1]. A function
f:]0,1] — R is said to be a weighting function jf is non-negative, monoton in-
creasing and satisfies the following normalization condition

/Olf(w)cw: L.

2 A probabilistic interpretation of possibilistic expected
value, variance, covariance and correlation

The f-weightedpossibilistic expected valud A € F, defined in [3], can be written
as

g, as 1
By = [ 2220 sy = [ B s

whereU,, is a uniform probability distribution of]" for all v € [0, 1].
The f-weightedpossibilistic variancedf A € F, defined in [3], can be written as

1
Varg(A) = /0 opr, f(y)dr.

Figure 1: The case qfy(A, B) = 0.

The f-weightedmeasure of possibilistic covarianbetweenA, B € F, (with respect
to their joint distributionC'), defined by [4], can be written as

1
Covy(A, B) = / Cov(X,, Y (7)d7.



whereX, andY,, are random variables whose joint distribution is uniforn{@iv for
ally € [0,1].

Figure 2: The case ¢ff (A, B) = 1.

Figure 3: The case gff (A4, B) = —1.

The f-weightedpossibilistic correlationof A, B € F, (with respect to their joint
distributionC), defined in [1], can be written as

Jo co0v (X5, Y) [ (1)
(s ot 100m) " (i ot s)an)

pf(AvB): 1/2°



whereV, is a uniform probability distribution ofi3]”. Thus, the possibilistic cor-
relation represents an average degree to whichandY’, are linearly associated as
compared to the dispersions &f andV,. If [C]" is convex for ally € [0, 1] then
—1 < py(A, B) < 1 for any weighting functiory (see [1] for details).

3 Examples

First, let us assume thzt and B are non-interactive, i.60' = A x B. This situation

is depicted in Fig. 1. ThefC]” = [A]” x [B]” for any~y € [0,1] and we have
Covy(A, B) = 0 (see [4]) andvs(A, B) = 0 for any weighting functionf. In the
case, depicted in Fig. 2, if € [A]" for someu € R then there exists a uniquec R
that B can take. Furthermore, if is moved to the left (right) then the corresponding
value (thatB can take) will also move to the left (right). This property can serve as a
justification of the principle of (complete positive) correlationfoéndB. In the case,
depicted in Fig. 3, ifu € [A]” for someu € R then there exists a uniquec R that

B can take. Furthermore,ifis moved to the left (right) then the corresponding value
(that B can take) will move to the right (left). This property can serve as a justification
of the principle of (complete negative) correlationdfind B.

References

[1] C. Carlsson, R. Fullr and P. Majlender, On possibilistic correlatidiuzzy Sets
and Systemd55(2005) 425-445.

[2] D. Dubois and H. PradeRossibility Theory: An Approach to Computerized Pro-
cessing of UncertainfyPlenum Press, New York, 1988.

[3] R. Fuller and P. Majlender, On weighted possibilistic mean and variance of fuzzy
numbersfFuzzy Sets and Systenm86(2003) 363-374.

[4] R. Fuller and P. Majlender, On interactive fuzzy numbétgzy Sets and Systems
143(2004) 355-369

[5] L. A. Zadeh, Concept of a linguistic variable and its application to approximate
reasoning], Il, lll , Information Sciences8(1975) 199-249, 301-357; 9(1975)
43-80.



