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Abstract—In this paper, the need for the construction of The minimum of this determinant taken over all distinct code
multiple input-double output (MIDO) space-time block codes matrices is called theinimum determinardf the codeC. If it
(STBCs) is discussed, concentrating on the case of four trans- is bounded away from zero even in the limit as SNRx, the

mitters for simplicity. Above the trivial puncturing method, i.e. . . _ .
switching off the extra layers in the usual multiple input-multiple > ¢0de iS said to have thonvanishing determinarfNVD)

output (MIMO) setting, two other, more sophisticated yet simple Property [3]. For non-zero square matrices, being full-rank
MIDO construction methods are proposed. The use of these coincides with being invertible.

general methods is then demonstrated by building explicit, sphere ; e Ai

decodable codes using two different cyclic division algebras The data rate 2 in symbols per channel use is given by
(CDAs). We verify by computer simulations that the newly

proposed methods can compete with the puncturing method, and
in some cases outperform it. Our best construction exploiting
maximal orders improves even upon the punctured perfect code
and the DJABBA code.

1
R = ﬁlog|5|(|C\),

where |S| and |C| are the sizes of the symbol set and code
|. BACKGROUND respectively. Theate of a code desigrfor its part, is defined
_ ) L . as the ratio of the number of transmitted complex symbols to
_Multiple-antenna wireless communication promises Ve decoding delay (equivalently, block length). If this ratio
high data rates, in particular when we have perfect chanri‘gelequm to the delay, the code is said to hauk rate. In

state information (CSI) available at the receiver. In [1] g ot re full-rate codes are also referred to as rate-optimal.
design criteria for such systems were developed, and furthetl_he very first STBC for two transmit antennas was the

on the evolution of space-time (ST) codes took two directions: . . T .
trellis codes and block codes. Our work concentrates on t Eamoutl codef4] representing multiplication in the ring of
latter branch guaternions. As the quaternions form a division algebra, such

We are interested in the coherent MIMO case where tt{r]tn%aatnces must be invertible, i.e. the resulting STBC meets

. - . rank criterion. Matrix representations of other division
receiver perfectly knows the channel coefficients. The recelvefJe .
signal is algebras have been proposed as STBCs at least in [5]-[14],

and (though without explicitly saying so) [15]. The most
recent work [8]-[15] has concentrated on adding multiplexing

whereX is the transmitted codeword taken from the STBC 9ain, i.e. MIMO applications, and/or combining it with a

H is the Rayleigh fading channel response and the elemeBf9d minimum determinant. It has been shown in [13] that
of the noise matrix\ are i.i.d. complex Gaussian randonf-DA-based square ST codes with the NVD property achieve

variables. The indices, andn, denote the number of transmitthe diversity-multiplexing gain (D-MG) tradeoff introduced in

and receive antennas. The block length is denoted. by

A lattice is a discrete finitely generated free abelian sub- The codes proposed in this paper are not fully multiplexing
group of a real or complex finite dimensional vector spadtr do they have full rate due to the modified application
called the ambient space. In the space-time setting a natugguirements. This follows from the fact that the number of Rx
ambient space is the spasé,, (C) of complexn x n-matrices, antennas will be strictly less than the number of Tx antennas.
ie.n; =4 =n. The paper is organized as follows. In Section Il we explain

From the pairwise error probability (PEP) point of view [2]why these kinds of code constructions are needed in practice
the performance of a space-time code is dependent on tamd shortly discuss our solutions to the problem. The required
parametersdiversity gainand coding gain Diversity gain is facts from the theory of cyclic division algebras are shortly
the minimum of the rank of the difference matriX — X’ introduced in Section lll. Also some examples are given there.
taken over all distinct code matrices, X’ € C, also called In Section IV we depict in detail two different methods for
therank of the codeC. When( is full-rank, the coding gain is MIDO code construction. These methods are then exemplified
proportional to the determinant of the mat{iX — X’)(X — in Sections V and VI by two specific algebras. Finally, we
X"V wheref denotes the transpose conjugate of a matrigrovide simulation results in Section VII.

anxl == HnrxntXnt x0 + NnTle



[I. MOTIVATION AND PROBLEM STATEMENT has the following representation as a matdx=

In some applications it is well possible that the number of /' 2y ~o(z,-1) Yo% (2p_2) -+ o™ L(x1)
Rx antennas is required to be strictly less than the number of o(xe)  yo*(wp_1) yo L (ay
Tx antennas. A typical example is a cellular phone downlink| 1z, o(x1) o?(xg) yoL(x3)

with two receivers exploiting polarization. Due to the lim-

ited size of 3+G mobile phones and DVB-H (Digital Video )

Broadcasting-Handhelds) user equipment, only a very small\ *n-1 o(xn-2) 0*(Tp-3) -+ 0 )

number of antennas fits at the end user site. For this kind .. .. ) . .
C - : Definition 3.1: The determinant (resp. trace) of the matrix

of an application, the minimum delay MIMO constructions,

. R A is called thereduced norm(resp.reduced tracg of the
arising from the theory of cyclic division algebras have to bglementr ¢ A and is denoted byir(z) (resp.tr(z))
modified. For simplicity, we will concentrate on the 4F2Rx o .yL . P- o
antennas MIDO case. If we could afford four Rx antennas, Definition 3.2: An algebraA is calledsimpleif it has no
the task would be easy — just to use thex 4 minimum nontrivial ideals. An F-algebraA is central if its center
delay, rate-optimal CDA based construction transmitting 16(4) = {z € A | za’ =2’z forall 2’ € A} = F.

Gaussian numbers (= complex integers) in four time slots, i.e.All algebras considered here are finite dimensional associa-
four in each time slot. Now, however, the reduced numbgve central simple algebras over a field. From now on, we
of Rx antennas limits the transmission down to two Gaussigfentify the element: of an algebra with its standard matrix
numbers per each time slot. representation defined above in (1).

We have come up with two different types of solutions The next proposition describes a ring from where the

to this problem. Both solutions take advantage of cycliglements are drawn in a typical CDA based MIMO space-time
division algebras and yield rate two codes with a nonvanishipgbck code.

determinant. One idea is to first pick an index two division
algebra with a center that is four-dimensional o@r form

an isomorphic copy of it and then use them as blocks in a Ag={zo+ - +u" 2, 1 |z €O}

4 x 4 code matrix. Another possibility is to take the usdal4 )
MIMO code, but choose the elements in the matrix from ap A = (E/F,0,). For any non-zero element € A4 its
intermediate field instead of the maximal subfield. The exa@duced normnr(z) is a non-zero element of the ring of
principles for the constructions are given in Sections IV-A arf§iegersOr of the center”. In particular, itE" is an imaginary

n—l.(xo)

Proposition 3.1: Let us define the ring

IV-B qguadratic number field, then the minimum determinant of the
' lattice A 4 is nonvanishing and equal to one.
[1l. CYCLIC DIVISION ALGEBRAS Proof: See [18, Theorem 10.1, p. 125]. [

The theory of cyclic algebras and their representations asThe next proposition provides us with a condition when an
matrices are thoroughly considered in [6] and [17]. We agggebra is a division algebra, i.e. each of its non-zero elements
only going to recapitulate the essential facts here. has a multiplicative inverse. This is an old result of A. A.

In the following, we consider number field extensidiisF’,  Albert [19].
where F' denotes the base field adtt (resp.E*) denotes the
set of the non-zero elements &f (resp. E). The rings of
algebraic integers are denoted B and Og respectively.
Let E/F be a cyclic field extension of degreewith Galois
group (= the set of automorphisms &f such thatF is fixed Proof: See [19, Theorem 11.12, p. 184]. u
under them) For instance, let us define two cyclic division algebras that

: n n— will be later on used in the actual code constructions. We
Gal(B/F) = (o) = {id = ", 0,0% ... 0" '}, denote by(,, = ¢2™/™ the primitive nth root of unity and the

whereo is the generator of the cyclic group. Let imaginary unit byi = /—1.
A= (E/F,0,7) A. Perfect algebra

In [9] the authors presented the so-called perfect codes that

be the corresponding cyclic algebra of degredn is also  gaiisfy certain, quite strict, design criteria and hence perform
called theindexof .4 and in practice it determines the numbe(,ery well in computer simulations. The underlying algebra in

of transmitters), that is their 4 x 4 construction is the cyclic division algebra
A=EQuE®u’E® - &u"'E, PA = (E/F7,7)

Proposition 3.2: The algebrad = (E/F, o, ) of degreen
is a division algebra if and only if the smallest factoe Z
of n such thaty! is the norm of some element i&* is n.

with a noncommuting element € A such thateu = uo(e) = {x =20 +ur; + v’z +udzs | 2; € E}

for all e € E andu™ = v € F*. An element , _ _ ) 1
with E/F = Q(0,7)/Q@), v = 4, 0 = (5 + {5z =
r=x0+ur;+ - +u" w1 €A 2cog2m/15), and () = 6% — 2. The corresponding perfect



code is
PC = {az | x € Ap (cf. Prop. 3.1) a = 1 — 3i +i6?},

whereZ = (a) is an ideal ofOp.
Moreover, a change of basis given by

1 0 0 0
0 1 0 0
0 -3 01
-1 -3 1 1

is required for obtaining an orthogonal basis.

B. Cyclotomic algebra

€
The MIDO codes obtained from the perfect algebra will be

compared with the algebra
CA (E/F,7,7)

{z = 20+ ux) + vxo + ulx3 | ; € E}

with E/F = Q(§ = ¢16)/Q(2), v =2+ 1, and7(§) =is.

This algebra has appeared also in at least [10] and [14].

IV. CONSTRUCTINGMIDO LATTICES

7. Let us denote byr(B) = (E/F,o,7(v)) the isomorphic
copy of B and the respective matrix representation by

r(B) = ( r(y)r(o(z1)) ) |

7(o(20))
Proposition 4.2:Let O be the ring of algebraic integers
of £ and F' = Q(i). The lattice

built from (2) and (3) has a nonvanishing determindtt(C, )
Z[i]. Thus, the minimum determinant is equal to one.

(7o)
7(71)

®3)

B
O2x2

O2x2

Clz{M:M($0,$1)=( T(B)

Zo, X1 € OE}

Proof: According to Definition 3.1 and Proposition 3.1,

det(B) det(7(B)) = nr(B)nr(r(B))
nr(B)r(nr(B))) = Np/p(nr(B)) € Zlil,

and hencéd det(M)| > 1.

det(M)

B. Construction by Method Il
Proposition 4.3:Let A be as in Proposition 4.1. If in the

A straightforward way to obtain MIDO lattices would bematrix (1) the elements:; are restricted to belong tb (rather

just to 'switch off the extra layers’ in a MIMO setting, i.e.
by puncturing. In the case of 412Rx antennas this would
mean that in (1) we set e.g; = x3 = 0 in order to transmit

than to ), we obtain a division algebral’ with the center
Flu?].

Proof: Obviously also the algebtd’ is a division algebra

a limited number of 8 Gaussian numbers that can be receivgdit is contained ind. As in Proposition 4.17 is fixed by

with only two receivers. In what follows we present two more. _ 2 gnd therefordu? — ur(l)

sophisticated methods for constructing MIDO lattices.

A. Construction by Method |
Proposition 4.1:Let A = (E/F,7,v) = E+uE +u?E +

u=u?r?(l) = u?o(l) =

u?l for all [ € L. The centerF of A is thus extended by the
elementu?. [

Proposition 4.4:Let O, be the ring of algebraic integers

w3 E be an arbitrary index four division algebra. Then we als®f L and F' = Q(:). The lattice

have an index two division algebia = (E/L,o0,v) = E +
u?E, where the centef is fixed by ¢ = 72. The Galois
groups areGal(E/F) = (1), Gal(E/L) = (¢ = 7%), and
Gal(L/F) = ().

Proof: For the extension field degrees we clearly hay

[E:Ll=[L:F]=2 LetE = L(a), L =F(3) for some
primitive elementsee € E, g € L, and Gal(L/F) = (v).
Thenv?(3) = 8 and the automorphism can be extended
to an automorphisnp : E — E by definingp(a) = 7(a)
andp|;, = v. The field L is the center of the algebid as it
is fixed byo. It remains to prove that for alt € E*, v #
NE(x). Let us make a counter assumption that for sane
E*,NE(z) = v. As v € F*, 7(y) = ~. Whence it follows
that N () = NE(N{ () = Ni(y) = 77(y) =9 This is
a contradiction as the algebsé is a division algebra. =

An elementh = xg+uxy, xg, 21 € E of the algebra3 has
a representation as2ax 2 matrix

Yo (1) )

b= < o (o)

However, we can afford & x 4 packing as we are using four

Zo
T

)

transmitters. This can be achieved by using the isomorphism

fas a nonvanishing determinadtt(Cy

minimum determinant is equal to one.

ro 7(x3) Y2 Y7(T1)
x1  T(x0) I3 YT(22)
Cy = ;€0
2 ) 7(21) o y7(x3) v L
x3  T(x2) 11 T(T0)
)

€ Z[i]. Thus, the

Proof: This immediately follows from the way of con-
struction. [ ]
V. MIDO CODES USINGPA

For PA (cf. Section IlI-A) we have the nested sequence of
fields F C L € E with L = Q(4,v/5). As 7(v/5) = —V/5,
the field L is fixed byo = 72 as indicated in Proposition 4.1.
A. Method |

By embedding the algebrg/L, 0, ) as in Proposition 4.2
we obtain the MIDO code

T io((azl)) 0 0
1 o(x 0 0

PACY 0 0 ) o)) | | €O
0 0 T(l’l) T(O’(.’E()))



As the center is nowl with [L : Q(i)] = 2 and O, = simulations in Figure 1 are exactly as given in Sections V-B
Z[i, n = (1++/5)/2], the elements;; in the matrix are of the and VI-B.
form a; + asp+asf+aguf, wherea; € Z[i] for all i. Hence, The code€ A, PA,, PA;1, andP.Agy perform more or less
the code rate i8/4 = 2. equally. The cod€.A; loses to these by 0.2-0.7 dB, depending
B. Method Il on the SNR. Next comeSA, (z1 = z3 = 0), losing still by

0.7 —1 dB to CA:. A sphere decoder was used for decoding
Let us now use the method from Section IV-B. We get th@e |attices.

MIDO code The best code i§.4; M AX gotten by combining Method
xo i7(x3) dxe iT(x1) 1 with the use of a maximal order [22] within the algeltd.
DA, C x1  7(mo) dms iT(x2) co It outperforms the next best code by approximately — 1
2= xo  T(x1) T T(T3) Ti €L dB. In [23] the authors show that the DjJABBA code wins the

x3  T(x2) w1 T(T0) punctured Perfect code k5 dB or less at the rate 4 bpcu.
Hence, our code improves even upon the DJABBA code - or
at least ties with it.
It seems that the best construction method depends on the
VI. MIDO CODES USINGC.A very algebra that is in use. Figure 1 shows that the puncturing
The algebraC.A (cf. Section 1II-B), for its part, has the method is not always the first choice, hence proving the point
nested sequence of fields C L C E with L = Q(s = (s). of new construction methods. We also want the reader to
As 7(s) = —s, the field L is fixed byo = 72 note that in principle, MIDO codes can be designed just by
using the standard CDA based MIMO code with a smaller
A. Method | constellation. Nevertheless, this destroys the lattice structure
Again by embedding the algeb(&/L,0,1+ s —4) as in and causes exponential complexity at the receiver.
Proposition 4.2, the MIDO codéA; C

o (14+s—1i)o(x1) 0

Each of the elements; is of the forma; + asp, where
a1,as € Z[i]. Thus, the code rate is again equal to two.

VIIl. CONCLUSIONS AND FURTHER STUDY
8 Two nontrivial methods for constructing MIDO lattices were

T1 o (o) 0 ) ) proposed and illustrated by two explicit example algebras. As
0 0 7(z0) (1 —s—i)7(0(z1)) compared to the puncturing method of just switching off the
0 0 T(21) 7(0(x0))

extra layers in a MIMO code, these new methods perform
with x; € Op is obtained. Note that we have chosen theery well when we note that we have not yet optimized them
nonnorm elemeny = 1+s—iO1\ O with a smaller absolute at all as opposed to the heavy optimization carried out for the
value in order to get some energy savings. perfect code. E.g. the codes can be pre- and postmultiplied

The center isL with [L : Q(7)] = 2 and O, = Z[s]. The by any complex matrix of determinant one without affecting
elementse; in the matrix are of the form; +-ass+asz+a4s€, neither its density nor its good minimum determinant.
wherea; € Z[i] for all ¢, and so the code rate & An open question is how to better parameterize these MIDO
B. Method II construct?ons. It would also be interesting to find out which

’ combinations of Tx and Rx antennas with #Tx #Rx are

Let us then construct a MIDO code with the method frorgossible and efficient. E.g. the case of §BRX is interesting.
Section IV-B. This time we have At this point, we cannot say whether one of the methods

xo y7(x3) ~yra y7(x1) is universally better than the others. The simulations we have

CA, C x1  T(x0) YE3 YT(X2) e O carried out this far indicate that the optimality depends on the
2= xo  T(x1) ®o YT(X3) ¢ L algebra in question. We are hoping to get deeper insight to
xzz3  7(x2) w1 T(X0) this as we do some further optimization and parameterizing,

and analyze several different algebras. The preliminary results
however tell us that sometimes we are better off not using the
puncturing method.

In [20], [21], and [22] we have studied the use of maximal

VIl. SIMULATION RESULTS orders [18] in the design of dense CDA based MIMO STBCs.

In Figure 1, the different construction methods are denotddie same ideas can be adapted to the MIDO scheme as well.
by: 0 = Puncturing method] = Method 1, and2 = Method We expect the constructions arising from maximal orders to
2 perform better than the ones within natural orders due to

First of all, we have to admit that we have not carriethe increased density. The preliminary results shown here are
out optimization as much as would have been possible. HBgleed promising as we managed to beat or tie with the
example, the use of ideals has not been taken advantagePgfictured Perfect code and the DJABBA code. It would be
except in the case of the punctureﬂl (: Ty = 0, cf. (1)) worthwhile to see if a maximal order of the Perfect algebra
Perfect codeP A, and the codéP.A;, for which we used the would perform even better than the cadd, M/ AX. But this
ideal given in lll-A. The codesPA, and CA, used for the Is for further study.

with v =1+ s —i.
Each of the elements; is of the forma; + ass, where
a1,as € Z[i]. Thus, the code rate equals two.
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Fig. 1. MIDO block error rates at 4 bpcu with #Tx=4, #Rx=2.
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