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Abstract. We study the ordered set of rough sets determined by relations which
are not necessarily reflexive, symmetric, or transitive. We show that for tolerances
and transitive binary relations the set of rough sets is not necessarily even a semi-
lattice. We also prove that the set of rough sets determined by a symmetric and
transitive binary relation forms a complete Stone lattice. Furthermore, for the or-
dered sets of rough sets that are not necessarily lattices we present some possible
canonical completions.

1 Different Types of Indiscernibility Relations

The rough set theory introduced by Pawlak (1982) deals with situations in which the
objects of a certain universe of discourse U can be identified only within the limits
determined by the knowledge represented by a given indiscernibility relation. Based
on such indiscernibility relation the lower and the upper approximation of subsets of
U may be defined. The lower and the upper approximation of a subset X of U can be
viewed as the sets of elements which certainly and possibly belong to X, respectively.
Usually it is presumed that indiscernibility relations are equivalences. However,
some authors, for example, Jarvinen (2001), Pomykata (2002), and Skowron and Stepa-
niuk (1996) have studied approximation operators which are defined by tolerances.
Slowinski and Vanderpooten (2000) have studied approximation operators defined by
reflexive binary relations, and Greco, Matarazzo, and Slowinski (2000) considered ap-
proximations based on reflexive and transitive relations. Yao and Lin (1996) have stud-
ied approximations determined by arbitrary binary relations, and in a recent survey
Diintsch and Gediga (2003) explored various types of approximation operators based
on binary relations. Furthermore, Cattaneo (1998) and Jarvinen (2002), for instance,
have studied approximation operations in a more general lattice-theoretical setting.
The structure of the ordered set of rough sets defined by equivalences was examined
by Gehrke and Walker (1992), Iwiniski (1987), and J. Pomykata and J.A. Pomykata
(1988). In this work we study the structure of the ordered sets of rough sets based on
indiscernibility relations which are not necessarily reflexive, symmetric, or transitive.

2 Lattices and Orders

Here we recall some basic notions of lattice theory which can be found, for example, in
the books by Davey and Priestly (2002) and Gratzer (1998). A binary relation < on a

S. Tsumoto et al. (Eds.): RSCTC 2004, LNAI 3066, pp. 49-58, 2004.
© Springer-Verlag Berlin Heidelberg 2004



50 Jouni Jarvinen

set P is called an order, if it is reflexive, antisymmetric, and transitive. An ordered set
is a pair P = (P, <), with P being a set and < an order on P.

Let P = (P,<) and Q = (Q, <) be two ordered sets. A map ¢: P — (@ is an
order-embedding, if a < b in P if and only if ¢p(a) < ¢(b) in Q. An order-embedding
@ onto () is called an order-isomorphism between P and Q. When there exists an order-
isomorphism between P and Q, we say that P and Q are order-isomorphic and write
P=0.

An ordered set P = (P, <) is a lattice, if for any two elements = and y in P, the
Jjoin xV y and the meet x A\ y always exist. The ordered set P is called a complete lattice
if the join \/ S and the meet /\ S exist for any subset .S of P. The greatest element of P,
if it exists, is called the unit element and it is denoted by 1. Dually, the smallest element
0 is called the zero element. An ordered set is bounded if it has a zero and a unit.

A lattice P = (P, <) is distributive if it satisfies the conditions

xA(yVz)=(@Ay)V(zAz)and 2V (yAz)=(xVy)A(zVz)

for all z,y,z € P.Let P = (P, <) be a bounded lattice. An element 2’ € P is a
complement of x € P,if 2’ Vax = 1 and 2’ A x = 0. A bounded lattice is a Boolean
lattice if it is complemented and distributive.

Example 1. If X is any set and P = (P, <) is an ordered set, we may order the set PX
of all maps from X to P by the pointwise order:

f<ginPX &L (vze P) f(x) < g(z) in P.

We denote by 2 and 3 the chains obtained by ordering the sets {0, 1} and {0,u, 1} so
that 0 < 1 and 0 < u < 1, respectively.

Let us denote by o(U) the set of all subsets of U. It is well-known that the ordered
set (p(U), C) is a complete Boolean lattice such that for all H C p(U),

VH={JH and AH=[H.
Each set X C U has a complement U — X. Furthermore, (p(U), C) = (2Y, <).

Let P = (P, <) be alattice with 0. An element z* is a pseudocomplement of x if x A
z* = 0and zAa = Oimplies a < z*. A lattice is pseudocomplemented if every element
has a pseudocomplement. If a lattice P with 0 is distributive, pseudocomplemented, and
it satisfies the Stone identity =* V ** = 1 for any element z € P, then P is a Stone
lattice. Tt is obvious that every Boolean lattice is a Stone lattice and that every finite
distributive lattice is pseudocomplemented.

3 Rough Sets Defined by Equivalences

This section is devoted to the structure of the ordered set of rough sets determined by
equivalence relations. Let U be a set and let E be an equivalence relation on U. For any
x, we denote by [z] g the equivalence class of x, that is,

2l ={y €U |z Ey}.
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For any set X C U, let

X'={2ecU|[z]g C X};
XA ={zeU|[z]lgnX #0}.

The sets XY and X4 are called the lower and the upper approximation of X, respec-
tively. Two sets are said to be roughly equivalent, denotedby X =Y ,if XV =YY and
XA = YA, The equivalence classes of the relation = are called rough sets. The family
of all rough sets is denoted by R, that is,

R ={[Xl_| X CU}.
Example 2. Let U = {a,b, c} and let E be an equivalence on U such that
e ={a,c}, [ble ={b}, [dr={a,c}.

The approximations are presented in Table 1. The rough sets are {0}, {{a},{c}},
{01}, {{a, b}, {b,c}}, {{a, c}}, and {U}.

Table 1. Approximations of subsets

X XY X4
[} [} [}
{a} 0 {a,c}
{6} {6} {b}
{c} 0 {a,c}

{a, b} {o} U

{a,c} {a,c} {a,c}

{b,c} {b} U
U U U

Next we will briefly consider the structure of ‘R. The results presented here can be
found in the works of Gehrke and Walker (1992), Iwinski (1987), and J. Pomykata and
J.A. Pomykata (1988).

It is clear that rough sets can also be viewed as pairs of approximations (XY, X4),
since each approximation uniquely determines a rough set. The set of rough approxi-
mations can be ordered by

3.1 (XY, X% < (Y",v4) &L XV CYY and XA C YA

It is known that (R, <) is a complete Stone lattice such that for any H C p(U),

VAT, x4 [ X e ny = (X7 | X e n}, (X | X e HY);
N XY | X ey = (XTI X e H}, [ {X* | X eH}).
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Each element (XY, X *) has a pseudocomplement (U — X4, U — X4). Furthermore,
(R, <) = (2" x 387, 9),

where I is the set of the equivalence classes of E which have exactly one element, and J
consists of E-classes having at least two members. Note that if all elements are pairwise
discernible, that is, F is the identity relation {(z,z) | * € U}, then (R, <) = (2Y, <).

Example 3. The ordered set of rough sets of Example 2 is presented in Fig. 1.

({b},0) / \O ({a,c},{a,c})

N
N

Fig. 1. Ordered set of rough sets

({p},{p})

4 Structure of Generalized Rough Sets

Here we study ordered sets of rough sets defined by arbitrary binary relations. The
motivation for this is that it is noted (see Jarvinen (2002), for example) that neither
reflexivity, symmetry, nor transitivity are necessary properties of indiscernibility rela-
tions, and we may present examples of indiscernibility relations that do not have these
properties.

Let R be a binary relation on U. Let us denote

R(z) ={y e U |z Ry}.

We may now generalize the approximation operators by setting
"= {zreU|R()C X}
A— {2 eU|R@x)NX #0}

forall X C U. The relation = and the set R of rough sets may be defined as in Section 3.
Furthermore, the order < on R is now defined as in (3.1).

4.1 Tolerance Relations

First we consider the ordered set (R, <) in case of tolerance relations. As noted in
the previous section, the ordered set of rough sets defined by equivalences is a complete
Stone lattice. Surprisingly, if we omit the transitivity, the structure of rough sets changes
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quite dramatically. Let us consider a tolerance R on a set U = {a, b, ¢, d, e} defined in
Fig. 2 — the figure can be interpreted so that if = R y holds, then there is an arrow from
the point corresponding the element x to the point that corresponds y. Jarvinen (2001)
has shown that the ordered set of rough sets determined by the tolerance R is not even
a V-semilattice nor a A-semilattice. In that article one may also find the Hasse diagram
of this ordered set.

(y vy (v
%L\o O O @

-~

a b c d e

Fig. 2. Tolerance relation R

4.2 Transitive Relations

The removal of transitivity affects quite unexpectedly the structure of rough sets. Here
we study rough sets determined by relations which are always at least transitive. We start
by an example showing that the ordered sets of rough sets defined by merely transitive
relations are not necessarily semilattices.

Example 4. LetU = {a,b,c,d,e, f, g, h, i, k} and let R be the transitive relation on U
depicted in Fig. 3. Note that since R is not reflexive, XY C X4 does not hold.

pPDOA

Fig. 3. Transitive relation R

For simplicity, let us denote the subsets of U which differ from () and U by se-
quences of letters. For instance, {a, b, ¢} is written as abc. The set of approximations
determined by R is the 22-element set

{(fghik,0), (fghik,ab), (fghik,abe), (fghik,bed), (fghik, cde), (fghik,de),
(afghik, abe), (fghik, abed), (fghik, abede), (f ghik, abde), (fghik,bede),
(efghik,cde), (abfghik, abed), (afghik, abede), (cf ghik, abede), (de f ghik, bede),
(abefghik, abede), (abf ghik, abede), (ae f ghik, abede), (de f ghik, abede),
(cdef ghik, abede), (abede f ghik, abede)}.

Now, for example, (abfghik,abed) A (afghik,abede) does not exist; the set of
lower bounds of this pair is {(a fghik, abc), (fghik, abed), (f ghik, abe), (fghik, ab),
(fghik,bed), (fghik,0)}, which does not have a greatest element. Similarly,
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(afghik,abc) V (fghik, abed) does not exist because this pair of elements has two
minimal upper bounds.
Hence, (R, <) is neither V-semilattice nor a A-semilattice.

Our next proposition shows that the rough sets defined by a symmetric and transitive
binary relation form a complete Stone lattice.

Proposition 5. For a symmetric and transitive binary relation, the ordered set of rough
sets (R, <) is a complete Stone lattice.

Proof. Let R be a symmetric and transitive binary relation on a set U. Let us denote
U* = {z € U | R(z) # 0}. It is now obvious that R C U* x U*. We start by
showing that R is an equivalence on U*. The relation R is symmetric and transitive
by the definition. Suppose that x € U*. Then there exists a y € U* such that z Ry.
Because R is symmetric, also y R x holds. But this implies R = by the transitivity.
Thus, R is an equivalence on U*, and the resulting ordered set of rough sets on U™ is a
complete Stone lattice.

Let us denote by R the set of rough sets on U, and by R* the set of rough set on
U*. We show that (R*, <) 2 (R, <).Let ¥’ = U — U* and let us define a map

PR* = RU(XT, X4 — (XTUX, X4

Assume that x € Y. Because R(z) = (), R(z) C X and R(x) N X = () hold for all
X C U. By applying this it is easy to see that the map ¢ is an order-isomorphism, and
hence (R, <) is a complete Stone lattice. O

Note that if R is symmetric and transitive, but not reflexive, the elements that are
not related even to themselves behave quite absurdly: they belong to every lower ap-
proximation, but not in any upper approximation as shown in the previous proof.

5 Completions

We have shown that for tolerances and transitive binary relations, the set of rough sets
is not necessarily even a semilattice. Further, it is not known whether (R, <) is always
a lattice, when the underlying relation R is reflexive and transitive. We end this work by
presenting some possible completions of (R, <). We will need the following definition.
Let P = (P, <) be an ordered set and let £ = (L, <) be a complete lattice. If there
exists an order-embedding : P — L, we say that L is a completion of P.

5.1 Arbitrary Relations

Let us denote by BY and by B4 the sets of all lower and upper approximations of the
subsets of U, respectively, thatis, BY = {X" | X C U} and B* = {X* | X CU}.
It is shown by Jarvinen (2002) that (BY,C) and (B4, C) are complete lattices for an
arbitrary relation R. This means that also (BY x B*, <) is a complete lattice; the order
< is defined as in (3.1). Thus, (BY x B* <) is always a completion of (R, <) for
any R.
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5.2 Reflexive Relations

Let us now assume that R is reflexive. As we have noted, now XY C X4 for any
X C U. Letus denote

[BY x B\ = {(X,Y) € B"x B | X C Y}

Obviously, R C [BY x B*]. Because [BY x B*] is a subset of BY x B*, we may
order [BY x B*] with the order inherited from BY x B*. It is also obvious that
([BY x B*],<) is a complete sublattice of (BY x B4, <). Hence, we can write the
following proposition.

Proposition 6. If R is reflexive, then ([BY x B*], <) is a completion of (R, <).

Next, we present another completion for (R, <) in case R is at least reflexive. As
mentioned in Section 3, (R, <) is isomorphic to (2! x 37, <), where I is the set of the
equivalence classes of E which have exactly one element, and J consists of E-classes
having at least two members. Here we show that for reflexive relations this same ordered
set can act as a completion. Note also for the proof of the next proposition that if R is
reflexive, then XY C X C X4 and R(z) € I implies R(z) = {z}.

Proposition 7. If R is a reflexive relation, then (2% x 37, <) is a completion of (R, <),
where I = {R(z) | |R(x)| =1} and J = {R(x) | |R(x)| > 1}.

Proof. Let us define a map ¢: R — 27 x 37 by setting (XY, X4) = (f,g), where
the maps f: I — 2 and g: J — 3 are defined by

lifrex 1ifzeXY
f(R(z)) = {0 ifi sy ad g(R@)=quifee XA X"
0 ifz ¢ X4,

Let us denote (X7, X‘) = (f1,91) and (Y7, Y4) = (f2, g2).

Assume that (XY, X4) < (YV,Y*). We will show that (f1,01) < (f2,g2). If
fi(R(x)) = 1 for some R(x) € I, then z € X, and R(z) = {z} implies z € XY C
Y'Y CY. Thus, fo(R(x)) =
g2(R(x)) = 1.1 g1 (R())
Hence, also g1 < go.

Conversely, assume that (f1,91) < (f2,92). We will show that (XY, X4) <
(YY,Y*). Suppose that z € X Y. Then 1 = g1(R(x)) < g2(R(z)) implies z € Y. If
x € X4 thenu < ¢g1(R(x)) < g2(R(x)). Thisimpliesz € YY orz € YA-YY, which
obviously means that z € Y4 since Y'Y C Y4, We have now proved that XY C YV
and X4 CY". O

land fi < fo.If g1(R(z)) = 1,thenz € XY C Y'Y and
= u, then z € X4 C Y4, which implies go(R(z)) > u.

We end this section by presenting an example of the above-mentioned completions.

Example 8. Let us consider the relation R defined in Fig. 4. Obviously, R is reflexive,
but not symmetric nor transitive.
Now the set of rough sets determined by the relation R is

R =A{©,0),(0,{a,b}), (0,{a,c}), (0,{b, c}), ({a},U), {b}, U), ({c}, V), (U, U)}.
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) O

O—=0——=0

aWc

Fig. 4. Reflexive relation R

It is easy to observe that (R, <) is not a V-semilattice, because, for example, the
elements (0, {a,b}) and (0, {a, c}) have the upper bounds ({a}, U), ({b},U), ({c},U),
and (U, U) — but they do not have a smallest lower bound. Similarly, (R, <) is not a A-
semilattice, because the elements ({a}, U) and ({b}, U) have the lower bounds (0, #),
(@,{a}), (0,{b}), and (B, {c}), but not a greatest lower bound. The Hasse diagram of
(R, <) presented in Fig. 5.

o (U,U)
(a,U) (b,U) (c,U)
(0, ab) (0, ac) (@, bc)
© 0,0

Fig. 5. Ordered set (R, <)

The completions for (R, <) considered above are (BY x B4, <), ([BY x B4], <),
and (27 x 87, <), where I = (), J = {R(a), R(b), R(c)}, and R(a) = {a,b}, R(b) =
{b,c}, R(c) = {a, c}.1tis easy to notice that BY x B4 contains 25 elements, [BY x B4]
has 15 elements, and 27 x 37 consists of 27 elements.

Conclusions

In this paper we have considered rough sets determined by indiscernibility relations
which are not necessarily reflexive, symmetric, or transitive. We have proved that if an
indiscernibility relation is at least symmetric and closed, the the ordered set of rough
sets is a complete Stone lattice. We have also shown that for tolerances and transitive bi-
nary relations, (R, <) is not necessarily even a semilattice. Additionally, it is not known
whether the ordered set of rough sets (R, <) is a lattice, when the indiscernibility R is
reflexive and transitive, but not symmetric. These observations are depicted in Fig. 6.
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not even a
semilattice

not even a
semilattice

Closed

Fig. 6. Properties of ordered sets of rough sets

We also presented several possible and intuitive completions of (R, <). But as we
saw in Example 8, the sizes of the completions are “too big”. For example, we could
made a completion of (R, <) of Example 8 just by adding the element (@, U), and
this completion has the size of only 9 elements, which much less than in the other
completions presented. Therefore, we conclude this work by introducing the problem
of determining the smallest completion of (R, <).

It would also interesting to study approximation operations which are defined as
follows for any set X C U:

X'"=Xn{zeU|R(x) CX};
X4t =XU{zeU|R(z)NX #0}.

If the operations are defined as above, then
XYCcXxcx4

for any relation R and for any set X C U. As we noticed in Example 4 and Proposi-
tion 5, for example, this does not generally hold.
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