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Introduction

Error-correcting codes are nowadays used widely in telecommunications and elec-
tronics and the theory of these codes can be studied in the framework of engin-
eering, physics, or mathematics. In this thesis we study one specific family of
error-correcting codes, namely the Z,-Goethals codes, from mathematical view-
point leaving the practical details to a minimum.

This work continues the study started by Hammons et al. in the revolution-
ary article [19] which triggered off the research on Z,-codes and Galois rings in
coding theory. The binary nonlinear Goethals codes were introduced already in
1970’s [16, 17] but the work of Hammons et al. gave a fresh viewpoint to these
classical codes. For example, from the Z,-perspective it is straightforward to in-
troduce the generalized family of Z,-Goethals codes [22] which will be the main
objects of study in this thesis.

The binary Goethals codes are very good: they have four times as many code-
words as BCH codes of the same length and minimum distance. Unfortunately,
the binary Goethals codes are nonlinear and it is a difficult task to implement them
efficiently. However, the seminal paper [19] showed how these codes can be seen
as linear codes over Z, and this extra structure makes them easier to handle.

In order to apply the Z,-Goethals codes in practice we should have an efficient
decoding algorithm which can correct errors occurred in the messages encoded
with these codes. We will develop a uniform decoding algorithm which is applic-
able to all Z,-Goethals codes and which corrects all errors up to the theoretical
error-correcting capability.

Another objective of this thesis is to construct some new families of 7-designs,
actually 3-designs, from codewords of the Z,-Goethals codes. The z-designs are
combinatorial objects which were originally motivated by statistics and experi-
mental design but which are nowadays studied also purely as combinatorial struc-
tures, see [33] for example. We analyze the low-weight codewords of the Z -
Goethals codes and construct several new families of 3-designs from them.

The mathematical methods used in this thesis belong mostly to known algeb-
raic and combinatorial machinery. However, there is one special feature which has
not appeared in the literature: the appearance of Dickson polynomials in solving
equations related to the Z,-Goethals codes.



8 Introduction

Next we outline the structure of the thesis.

In Chapter 1 we give some definitions and results from algebra which are used
frequently. We introduce in some detail the finite fields and the Galois rings and
some elementary results on them.

In Chapter 2 we develop the theory of error-correcting codes such that the Z,-
Goethals codes can be defined and studied. In the latter part of this chapter we
will define the ¢-designs and sketch some known results in design theory which
are needed in the later chapters.

In Chapter 3 we describe the decoding problem in more details and then a
uniform decoding algorithm for all Z,-Goethals codes is given. The analysis
branches into three parts which are considered in separate sections.

In Chapter 4 the classification of the low-weight codewords is done to the
extent which allows us to construct new designs. We introduce several new infinite
families of 3-designs and postpone the main proof to the following section. This
proof is divided into cases which are considered one by one. In the last section we
describe a special connection between the 3-designs with block sizes 7 and 8 with
the affine geometry.

In Chapter 5 we generalize the 3-designs from the previous chapter to some
of the generalized Z,-Goethals codes introduced in [22]. Also the question of
nonequivalence of these 3-designs is briefly considered.

The material after the two preliminary chapters are mainly from articles [46,
47]. The results in Chapter 5 are previously unpublished.



Chapter 1

Algebraic preliminaries

We start by recalling some properties of algebraic structures and results which are
needed in the later chapters. Some basic notions are not defined and the reader
may find them in [29, 30, 37] or some other algebra textbook.

1.1 Finite fields

The purpose of this section is to describe shortly the structure and arithmetic of
the finite fields. Informally, fields are algebraic structures with the usual four
operations: addition, subtraction, multiplication, and division. A finite field is a
field with only a finite number of elements.

Let Z denote a ring of integers with natural addition and multiplication. Every
positive integer k generates an ideal (k) = {kn | n € Z} and the corresponding
residue class ring Z, = Z/(k) is a ring with k elements and characteristic k. The
ring Z, is a field if and only if & is prime. In this case the prime number is denoted
by p and the field by F,.

The ring of polynomials with coefficients in Z, and indeterminate x is denoted
by Z,[x] and (f(x)) = {f(x)g(x) | g(x) € Z,[x]} denotes an ideal generated by
f(x). The next theorem gives the structure of all finite fields. For proofs and more
details see [37, Chapters 1 and 2].

Theorem 1.1. Every finite field has p™ elements with some prime p and positive
integer m. For every prime p and every positive integer m there exists a monic irre-
ducible polynomial f(x) € Fp[x] of degree m. The residue class ring F[x]/(f(x))
is the unique finite field with p™ elements up to isomorphism.

We denote the finite field with g = p™ elements by F, and its multiplicative
group by F; =F,\ {0}.
Theorem 1.2. There exists a € ¥y such that Fj, = {1,ea, a?,..., aq*Z}.

The generator o in the previous theorem is called a primitive element.
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1.1.1 Equations and Kloosterman sums

From now on we consider only the extensions of the binary field F,, i.e., the fields
F =F, with g = 2". These finite fields have the following properties:
x+x=0, x¥ =x, and (x—l—y)zi = —|—y2i for every x,y € Fandi >0

and these facts are used frequently without mentioning. Many concepts in this
section can be defined also in a more general setting but they may look quite
different.

The main results in this thesis and some preliminary facts below are valid only
for odd m. This restriction is mentioned when needed.

Definition 1.3. A trace function Tr : F — F, is defined by

Tr(x) = x+x° o

With the identity x*" = x it is easy to see that Tr(x?) = Tr(x). When m is
odd the next well known lemma shows how the roots of quadratic equations are
computed.

Lemma 1.4. Let m be odd. The quadratic equation x*>+x=awitha €F has two
roots 6 = 25.":151)/2 a* and 0 +1inF, if Tr(a) =0, and no roots inF, if Tr(a) = 1.
In the latter case the two roots 0 + o and 0 + .+ 1 are in the quadratic extension
F(a) where o satisfies the equation > + o0 = 1.

An equation x> + bx = a where b € F* can be transformed to (x/b)* +x/b =
a/b* and the condition in the previous lemma changes to Tr (a / bz) =0.

From now on, and especially in the following well known result, gcd(m, k)
denotes the greatest common divisor of m and k.

Lemma 1.5. The equation x¥ +x = a with a € F has 22405 roots in F, if
Tr(a) = 0, and no roots in F, if Tr(a) = 1.

In Chapter 4 we count the number of solutions to certain systems of equations
and come up with character sums.

Definition 1.6. A Kloosterman sum K (a) for a € F* is defined as

K@) =Y (—n)T0r+s),

ner*

Clearly, K(a) = K(a?) since x + x*

Frobenius automorphism.

The Kloosterman sums are closely related to Z,-Goethals codes as can be seen
in [26, 28]. Here we record the following theorem by Helleseth and Zinoviev [25]
that will be used in the proof of Theorem 4.5. We abbreviate F\ {0, 1} by F**.

is an automorphism of F, the so called
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Theorem 1.7. Foreverya € F* K (a*(a+1)) =K (a(a+1)%).

This theorem could also be proved for odd m by substituting a — a/(1+a) to

the identity
k(% \ok( 2
l+a*) 1+a*

from [51]. For odd m there is also a proof using elliptic curves and their isogenies,
see [43].

1.1.2 Affine geometry and polynomials

In this subsection we introduce an affine geometry over the finite field F and re-
lating polynomials which are needed in the analysis of low-weight codewords.

Let a be a primitive element of F with a minimal polynomial f(x) € F,|x],
that is, F = F, [x]/(f(x)). The field F can be viewed as an m-dimensional vector
space over F,, with a basis {1, &, a?,..., ™ '}. This basis is now identified with
the unit vectors {(1,0,...,0),(0,1,...,0),...,(0,0,...,1)} and F with a vector
space F7'.

Definition 1.8. An affine geometry AG(F) consists of all cosets z+ U of all sub-
spaces U of F with the normal inclusion relation. A coset z+ U of an r-dimensional
subspace U is called an r-flat.

A 1-flatis a coset z+{0,y} = {z,z+y} and clearly any two points z and y are
on aunique 1-flat. A 2-flatis acosetz+{0,y,w,y+w}={z,z+y,z+w,z+y+w}
and it is easy to see that any three points are on a unique 2-flat. A 3-flat is a coset
Xy +{0,x5,x5,%5 +x5,x,,0, 42,05 +2x,,0, + x5 +x, = {x;,x, +x,,x, +x5,x, +
Xy + X3, X + Xy, X + Xy + X4, %, + X3 +X4,%, + X, + X3 +x,} and any four points,
which are not a 2-flat, are on a unique 3-flat.

Definition 1.9. A polynomial of the form x> + lrflsz + 1x2 + lyx, where
l; € F, is called linearized and a linearized polynomial plus a constant term is
called affine.

We can naturally relate any subspace U and r-flat z+ U to the polynomials

Lix)=[](x+B) and A(x)= [] (x+B).

Beu Bez+U
For details and a proof for the next theorem see [37, Section 3.4].

Theorem 1.10. There is one-to-one correspondence between subspaces of F and
linearized polynomials whose all zeros are simple and in F. Similarly, r-flats

correspond exactly to the affine polynomials of degree 2" with all zeros simple and
inF.
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Definition 1.11. Let k be a positive integer. The kth elementary symmetric poly-
nomial in variables x,, ..., x, is 0, (x;) = Zl§i1<m<ik§nx X and the sum of kth
k

i

b

powersis S, (x;) = Yi_ | x
It is easy to see that
(et x) - (0 x) ="+ 0, (1) 0, (1) T+ 0 ().

Example 1.12. By Theorem 1.10 a 2-flat {x,,x,,x;,x,} can be represented as
an affine polynomial A(z) = x* + a,x> +a,x+a,. On the other hand, we have
A(x) = x*+ 0, (x;)x* + 0, (x;)x* + 05 (x;)x + 0, (x;), so we conclude that x;’s form
a 2-flat if and only if o, (x;) = 0, that is, x; +x, +x; +x, = 0.

Similarly {x,,...,xg} form a 3-flat if and only if o,(x;) = 0,(x;) = 05(x;) =
o5(x;) = 0.

The next theorem is [37, Theorem 1.75] modified to F[x,,...,x,].

Theorem 1.13 (Newton’s formula). The power sums S; and the elementary sym-
metric polynomials ©; in n variables satisfy the following relations:
S, +0,8,_+6,8 ,+-+0o,k =0, ifn>k.

1.1.3 Dickson polynomials

In this thesis we use the properties of the Dickson polynomials several times. For
example, in the decoding algorithm in Chapter 3 we need to find all the roots of
equations of the form D, (x,u) = v where D, (x, u) is a certain Dickson polynomial.

Definition 1.14. A Dickson polynomial (of the first kind) of degree n in indeterm-
inate x and with parameter u is

2l i i n_0i
D , — . 1. n— l.
= X (")

Let 6, = x, +x,, 0, = x,X,, and S, = x| +x} be the first and second elementary
symmetric polynomials and the sum of nth powers in two variables. Dickson
polynomials arise from Waring’s formula [37, Theorem 1.76] in the following
manner:

02 i o
si=rtn= Y (") o =nie0)

= on—i\ i

If we let 6, = u and 6, = x+ u/x, this functional equation can be written as
Dy(x+u/x,u) =x"+ (u/x)".
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Dickson polynomials can be defined over any commutative ring but we study
these polynomials only over the finite field F = F, with g = 2™. We state a few
basic properties of these polynomials. Most of them can be found from the survey
[36] and the others are easy exercises.

Lemma 1.15. The polynomials D, (x,u) satisfy (n, I, k > 0)

(i) D, ,(x,u) = xD,_(x,u) +uD,(x,u) with initial values D(x,u) = 0 and
D, (x,u) =x;

(ii) D, (x,u) =Dy (D,(x,u),u’);
(iii) Dy(x,1)D,(x,1) =D (x,1)+D|n7”(x,1);

— Tntl
(iv) Dy (x,u) =2

k
(v) Dy, (x,u+v) =D, (x,u)+D x,v) +x

2k+1<

. 0, if k is odd
(vi) Dy, | (r,%) = {x2k+1

The last two facts are consequences of the relation

ifk is even.

Dy, (x,u) = A T 2 S A T (1.2)

which follows from Lucas’ theorem for binomial coefficients, see [38, Theorem
13.28].

Definition 1.16. A polynomial f(x) € F[x] is called a permutation polynomial if
the associated function f : F — F, ¢ — f(c) permutes the elements of F, i.e., f is
a bijection.

Let s = ged(n,q— 1) and r = ged(n,qg+ 1). Clearly, when u = 0 the Dickson
polynomial D, (x,0) = x" is a permutation polynomial if and only if s = 1. The
following theorem [40] (or [36, Theorem 3.2]) settles the cases with u £ 0.
Theorem 1.17. If u € F*, the Dickson polynomial D, (x,u) is a permutation poly-
nomial if and only if s =1 =r, that is, gcd (n,q2 — 1) =1

From now on we assume that u € F* and we simplify the formulas below by
using u? instead of u.The proof of the next theorem can be found from [10] (or
[36, Theorem 3.26’]).

Theorem 1.18. Let x, € F be a solution to the equation D, (x, uz) =v. Then the
total number of solutions in F is

s, if v£0and Tr (u/xo) =0
r, if v#£0and Tr (u/xo) =1
(s+r)/2, ifv=0.
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In Chapter 3 we will always have s = 1 and in this case we deduce the follow-
ing lemma [46].

Lemma 1.19. Let s =1 and D, (x,u*) # 0. Then
u u"
T (—) —Tr(—4 ).
T (Dn (x u2>>

Proof. Clearly, x # 0 since D, (x,u?) # 0. Assume Tr(u/x) = 0. By Lemma 1.4
this means that we can express x in the form ¥+ u?/y where y € F. Then y"
and u?"/y" are also in F. By (1.1) they are the roots of the quadratic equation
T?+D, (x,u*) T +u*" = 0 and hence Tr (u" /D, (x,u?)) = 0.

Assume that Tr (" /D, (x,u*)) = 0. This implies that the roots ¥ and u*" /'y of
the equation 7%+ D, (x,u?) T 4+ u*" = 0 are in F. We have assumed that s = 1 and,
therefore, ¥ has a unique nth root y'/" in F. Then y = y!/" + u? / y'/7 satisfies the
equation D,, (y,u?) = D, (x,u?) by (1.1). Moreover, Tr(u/y) = 0 and by Theorem
1.18 we conclude that x = y. O

As can be seen in the previous proof, solving the roots of Dickson polynomial
equation can be done by Cardano’s method for solving a cubic equation. This
was known already to Dickson, see [12, 13]. We specialize this fact for the cases
needed in Chapter 3.

Theorem 1.20. Let m be odd, g =2", s=1, and v € F*. Then we have an effective
procedure for solving all the roots x € F of the equation

D, (x,uz) =W

Proof. When Tr(u"/v) = Tr(u/x) = 0 we find a unique root x as in the proof of
Lemma 1.19. In the computations we have to solve one quadratic equation and
this can be done using Lemma 1.4.

When Tr(u" /v) = Tr(u/x) = 1 we find the roots y and 4> /¥ of the equation
T? +vT + u*" = 0 in the quadratic extension of F using Lemma 1.4. If there does
not exist an nth root of ¥ in this extension, the equation has no roots in F. If there
exists one nth root of ¥, then there are r such roots, each of which gives a different
solution to the equation. According to Theorem 1.18 these are all the solutions.
Although the nth roots 7'/" are no longer in F, the roots x = Y/ + 2 / Y/ still
are. O

Example 1.21. Let us consider the roots x € F of a cubic equation D,(x,1) =
x*+x=v & F* when m is odd. Clearly, we have s = gcd(3,2” — 1) = 1 and
r=gecd(3,2" 4+ 1) = 3. By Theorem 1.18 and Lemma 1.19 there is a unique root
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in F if and only if Tr(1/v) = 0. Berlekamp, Rumsey, and Solomon [5] have proved
this for all m with the condition Tr(1/v) # Tr(1).

A simple counting argument then gives us the following fact [34, page 591]
which we need in Subsection 4.3.2.

Let m be odd. The cubic equation x* +x = a has 3 roots in F for (g —2)/6
values of a € F*.

1.2 Galois rings

We introduce now Galois rings as they appear in [39, pages 307-335]. The inter-
ested reader is referred to this textbook for details. The construction of these rings
is given as an analogy to the construction of the finite fields. A less abstract and
less ring theoretical construction is given in the next subsection using the finite
field arithmetic.

Definition 1.22. Let p°® be a prime power and m a positive integer. A Galois ring
GR(p®,m) is a Galois extension of Z . of degree m.

A Galois ring GR(p®,m) has p®" elements and characteristic p°.

Theorem 1.23. For every prime power p® and every positive integer m there ex-
ists a monic basic irreducible polynomial f(x) € Z .[x] of degree m. The residue
class ring Z ¢ [x] /(f(x)) is a unique Galois ring with p*" elements and character-
istic p® up to isomorphism.

1.2.1 Witt vectors

The Galois rings can be seen as Witt vector rings which are studied, e.g., in [30,
pages 497-505]. As an example we show how the Galois ring GR(4,m) can be
identified with F x F if the operations are chosen suitably.

Definition 1.24. The ring of Witt vectors W, (F) of length 2 over F is a set of
ordered pairs F x F equipped with addition and multiplication as follows:

(a,ay) + (by,by) = (a;+by,ay+by+a,by)
We adapt the general results [30, Theorems 8.26 and 8.27] to the present case.

Theorem 1.25. W, (F) is a commutative ring with a zero element (0,0) and a unit
element (1,0). The ring W, (F) has a subring W,(F,) isomorphic to Z,.

Let R = W, (F). Identifying W, (F,) = {(0,0), (1,0),(0,1),(1,1)} with Z, and
especially (1,0)+ (1,0) = (0, 1) with 2 we can state the following result.
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Theorem 1.26. The non-units of R form a maximal ideal (2) and R is a local ring.
In addition, R is a Galois extension of Z,, that is, R = GR(4,m).

Proof. By the multiplication rule, an element (a,,a,) has an inverse (a; ', a,a;*)
if and only if a; # 0. On the other hand, the ideal (2) generated by 2 is clearly
maximal and contains exactly the non-units since 2(a,,a,) = (0,a?). By [39,
Theorem V.1] R is a local ring.

The local ring R is an extension of the local ring Z, since Z, C R. If the
maximal ideal of the subring generates the maximal ideal in the extension, this
extension is called unramified. The element 2 generates the maximal ideals in
both Z, and R, which makes this extension unramified and by [39, Theorem XV.4]

it is also Galois. O

Let o be a primitive element of F and = (@,0) € R. As ¢ = (&',0) this 3
generates a cyclic subgroup of order ¢ — 1 in the multiplicative group of units R*.
This subgroup together with the zero element

T ={0,1,B,...,77%} ={(0,0),(1,0), (,0),...,(a?7%,0)}
is called the Teichmiiller set.

Lemma 1.27. Every element of R can be expressed uniquely as A + 2B where
ABe 7.

Proof. The Frobenius map x — x? is an automorphism of F. Thus any element of

R can be expressed as (a;,a3) = (a;,0) +2(a,,0). O

1.2.2 Equations

In this thesis the Galois rings are needed in constructions of good linear codes
over Z,. In this setting we come up with systems of equations over the Galois
ring R. Now we show how such equations can be turned into an equivalent system
of equations over the finite field F.

The modulo 2 reduction mapping from Z, to Z, /(2) = F,

u:0—0,1—12—03—1
can be extended naturally to the Galois ring R.

Definition 1.28. The modulo 2 reduction mapping is defined as  : R — R/ (2) =
F, (a,,a,) a.

The p-mapping is a bijection between the Teichmiiller set .7 and the finite
field F. Hence the sums below and codes in the next chapter are indexed inter-
changeably with .7 or F depending on the situation.

As an example we prove the following lemma from [21] with Witt vectors.
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Lemma 1.29. Let (cy)y., € 27 and C,={uX) | cx = j} for j€Z, The

equation

Y cxX=A+28B, ABeT
XeT

is equivalent to the following system of two equations over F

xX=a and Z xy+ Z x> =b?
x€CUCy x,y€CUCy x€C,UCy
x<y

where a = W(A), b= u(B), and < is some total order on F.

Proof. The equation considered is equal to

Y ci(x,0) = (a,0)+2(0,0) = (a,b*),  a,b€F.

xeF

By dividing the sum to three parts according to the sets C; we get

Z (1,0)- (x,0) + Z (0,1)-(x,0)+ Z (1,1)-(x,0)

xeC, xeC, x€C;y
= Z (x,0)+ Z (O,xz) + Z (x,xz)
xeC, xeC, xeCy
= Zx,ny +<0,Zx2>—|— Zx,ZxZ—I—ny
xeC;  x,y€eC, xeC, xeC;  xeCy x,y€Cy
x<y x<y

=l L v L oo+ ) = (ab)
xeCUC;  x,yeC,UC; x€C,UCy
x<ly

and the claim follows.






Chapter 2

Combinatorial preliminaries

We give some basic definitions and properties of error-correcting codes and com-
binatorial designs which are relevant in this thesis. In Subsection 2.1.3 we define
the Z,-Goethals codes which are studied in the forthcoming chapters.

2.1 Error-correcting codes

Assume that a message word ¢ over some alphabet is sent to a noisy communica-
tion channel (e.g. mobile network, hard disk, compact disk). The noise may cause
some errors to the message and a receiver of the message should somehow figure
out what message was sent.

The most studied subject within the theory of error-correcting codes, at least
from the mathematical viewpoint, is the theory of block codes. In this setting
the message words form a subset, called code, of all words of a fixed length n.
The errors are considered to be changes of symbols, i.e., the noise can change
letters of the message to other ones but can not for example shorten or lengthen
the message. The reader without background in coding theory can consult [38, 44]
for more extensive treatment of the subject.

In this work we are mainly interested in linear codes over F, and Z, which
are considered next.

2.1.1 Linear codes over F,

The words of length n over the binary field F, form a vector space F; where addi-
tion and scalar multiplication are done componentwise. We define the Hamming
weight wy, (x) of a vector x € F} to be the number of nonzero coordinates and the
Hamming distance dj, (X,y) = wy(x —y) between two vectors x and y to be the
number of coordinates where they differ.
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Definition 2.1. A binary code of length n is a nonempty subset of F. A [n,k,d]
linear binary code C is a k-dimensional subspace of F; with a minimum distance

d = dy(C) = min dy; (x,y).
XAy

Assume that we use the codewords in some code C with a minimum distance
d as a message words. The receiver of the message gets then the vector

r=c+e

where the error vector e is nonzero in the error coordinates. If the weight of the
error vector is less than | (d — 1) /2], the transmitted message word c is the nearest
codeword to the received word r in the Hamming metric. Therefore the receiver
can decide which codeword was transmitted and the code C is said to have an
error-correcting capability equal to | (d —1)/2].

Definition 2.2. We have the usual inner product x-¢ = Y, x;c; in the vector
space F; and a dual code of a linear code C is the orthogonal complement

Ct={xcF;|x-c=0forallccC}.

Definition 2.3. Let C be a code of length n and A; be the number of codewords
of weight i. The vector (A;)]_, is called the weight distribution of C and the
corresponding polynomial

n
ZAiantxt _ Z anwH(c)wa(c)
i=0 ceC

in two variables w and x is called the weight enumerator of C.

Clearly, alinear code has A, =1,A; =0forall0 <i<d,and A, #0. The fam-
ous MacWilliams theorem for binary linear codes can now be stated [38, Theorem
5.1.]. This theorem implies that we can count the weight distribution of C* from
the weight distribution of C.

Theorem 2.4. If binary linear codes C and C* have weight distributions (A;)",
and (B,) , respectively, then

i B = € iAi(w—}—x)"_i(w —x)". (2.1)
=0 =

As a linear code C is a subspace of F} it has a basis. If we write the basis
vectors as rows of a matrix G, we get a generator matrix of C. Another way
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to describe a linear code is via its parity-check matrix H which is the generator
matrix of the dual code C-. Then we have a relation

ccC ifandonlyif cH' =0

where H7 is the transpose of H.

In this thesis most of the codes considered have dimensions k£ which are only
little less than the length n. Thus the parity-check matrix having only n — k rows
gives a more compact description than the generator matrix.

Let p: X — X be a permutation of the coordinate set X = {1,2,...,n} of the
words in Fj. The permutation p acts naturally on codewords (c;) — (cp(l.)) and
codes p(C) ={p(c) | c € C}.

Definition 2.5. Two binary codes C and C* are equivalent if C* = p(C) for some
permutation p : X — X. Otherwise they are nonequivalent.

Usually, one is interested only in nonequivalent codes as the equivalent codes
are just permuted versions of each other. For example, a decoding algorithm for a
code is immediately applicable to an equivalent code, and often equivalent codes
are thought to be the same.

Below we have some examples of extended binary cyclic codes of length g =
2™, Parity-check matrices of these codes can be described with a primitive element
o of F = F, and the coordinate set X =F.

Example 2.6 (Extended Hamming codes). Let us consider the binary extended
Hamming code 7 of length ¢ = 2™ with a parity-check matrix

11 1 1 ... 1
By = <0 1 a o .. a‘12> '
We get an (m+ 1) x g-matrix over F, by replacing the powers of o with the
corresponding binary column vectors in the vector space F7' presentation. The
first row implies that all codewords have even Hamming weight. It is well known
that 27 is a [q,q — m — 1,4] code and the dual 2+ is a [¢g,m + 1,q/2] code with
the weight distribution (other B;’s are zero)

By=1, B, ,=2q—2, and B;=1.

q/
Example 2.7 (Extended two-error-correcting BCH codes). As the second ex-
ample we consider certain subcodes of .77 in the case where m is odd. Let %, be
a linear code defined by a parity-check matrix

1 1 1 1 1
H,=|01 « o? a2
‘Ak k k k
0 1 062 +1 06(2 +1)2 L OC(2 +1)(g—2)
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where 1 <k < (m—1)/2 and ged(m, k) = 1. The code %, is the usual two-error-
correcting extended BCH (Bose—Chaudhuri-Hocquenghem) code. We know ([4]
or [9, Section 4.3]) that the codes %, are pairwise nonequivalent and have para-
meters [q,q —2m — 1,6]. Their duals % are [¢,2m +1,q/2 — \/q/2] codes with
the weight distribution

_ —(g-11 — P 4g—
Bo=1 B, Jm=a= Dy B,,=4q +q-2,

—(a—114 _
BQ/Z*'\/‘ITZ_(Q 1)2, and B, =1.

Observe that the codes we for convenience choose to call BCH-codes are often
also referred to as BCH-like codes. Our terminology is motivated by the fact that
the weight distributions of these codes are identical. For the same reason we prefer
Goethals codes to Goethals-like codes as a name for codes ¢, below.

Example 2.8 (Reed—Muller codes). One of the most studied families of block
codes are the Reed—Muller codes RM(r,m). In this thesis we need only two of
them, namely RM (m — 2,m) and RM(m — 3,m), and we omit the general defini-
tion. The definition and the results below can be found from [38, Chapter 13].

(i) RM(r,m) is a binary linear [g,Y/_ (),2""] code;
(i) RM(0,m) C RM(1,m) C --- C RM(m,m) = F4;
(iii)) RM(m—2,m) = A,

(iv) Let m be odd. RM(m — 3,m) is defined by a parity-check matrix

1 1 1 1 1

01 « o2 o2

0 1 o2't! O6(21+1)2 a(21+1)(472)
Hen=10 | o211 q2+1)2 o (24+1)(a-2)

0 1 a2k+1 a(zul)z a(Zk-H)(q—Z)

where k = (m —1)/2 and therefore RM (m —3,m) C %, C RM(m —2,m);

(v) We can identify every object in the affine geometry AG(F) with a binary
(incidence) vector of length g by the rule: the vector has 1 in a coordinate
o (or 0) if and only if the object contains the point ¢’ (or 0). The minimum
weight codewords of RM(r,m) are exactly the incidence vectors of (m —
r)-flats. In addition, these minimum weight codewords generate the code
RM (r,m) as a vector space.



2.1 Error-correcting codes 23

2.1.2 Linear codes over Z 4

We have already seen how the construction of finite fields can be generalized
to construct Galois rings. Similarly the construction of some good linear codes
over F, is now generalized to get good linear codes over Z,. The results in this
subsection are mostly from [19].

Words of length n over the alphabet Z, form a free Z,-module Z with com-
ponentwise addition and scalar multiplication. This module is not a vector space
since Z, is not a field. Hence we can not define linear codes as subspaces but
submodules. This characterizes the same feature as subspaces: a sum ¢ +d of any
two codewords ¢ and d is always a codeword.

Definition 2.9. A linear Z,-code of length n is a submodule of Zj.

We define the Hamming distance for words over Z, as above but we have
another useful metric, too.

Definition 2.10. A Lee weight w; : Z, — Z of an element in Z, is defined as
w, (0)=0, w,(1)=w,(3)=1, w,(2)=2
and a Lee weight of a vector ¢ € Z] is naturally: w, (¢) = Y1, w, (c;).

The Lee distance is defined as d, (x,y) = w; (x — ) 10
and the minimum Lee distance d;(€) of a Z,-code €
as dy(¢) but respect to the Lee metric. The code &

is said to have an error-correcting capability equal to 1 00

[(d,(€)—1)/2].

Definition 2.11. A Gray map ¢ : Z[, — F3" is defined 01

first for one component Figure 2.1: Gray map
9(0)=00, ¢(1)=10, ¢(2)=11, ¢(3)=0l

and then for the whole vector ¢ = (c,...,c,) as
¢(c) = (c10sCops- 1 | C1RsCogs- - Cur) = (€1 | €g)

where ¢(c;) = (¢, cig)-

The bit order of the Gray image vector is chosen just for technical reasons in
the proof of Corollary 4.6. The importance of the Gray map can be seen from
Figure 2.1: it preserves the weights and distances when mapping Z,-words to
binary words of double length. This well known fact is stated as an easy lemma
without a proof.

Lemma 2.12. The Gray map ¢ : (Z,d,) — (F3",dy;) is an isometry of metric
spaces, that is, ¢ is a bijection and d,; (¢ (x),9(y)) = d, (x,y) for all x,y € Zi,.
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The weights of codewords in a code %" can be described with a weight enu-
merator as in the case of the binary codes. Sometimes it is useful to count how
many 1’s, 2’s, and 3’s there is in a codeword. Sometimes we do not distinguish
between 1’s and 3’s as they are both units in Z, as opposed to 2’s. Sometimes only
Hamming weight counts. Thus we need several different weight enumerators.

Definition 2.13. The support of a vector ¢ is y(¢) = {k | ¢, # 0} and the multi-
plicity of i € Z, in ¢ is n;(¢) = |{k | ¢, = i}|. We define complete, symmetrized,
Lee weight, and Hamming weight enumerator of ¢ as

cwe(c) = WO xm (€ yna(e) zns(e)
swe(c) = Wl an(c)+n3( ¢)ym(c)
Iwe(c) = Wo(€) xm (©)+2m(c)+ns(e)
hwe(c) = Who(€) i (€)+n;(e)+n5(e)

and of a code ¢, for example, as cwe(¢) = ¥ .., cwe(c).

The variable W is usually unnecessary except with the zero word W".

Definition 2.2 can be straightforwardly generalized to the case of Zj: the sum
in the inner product is now counted modulo 4. This defines the dual code €+ of a
linear Z,-code €. To state MacWilliams theorem (Theorem 2.4) in a generalized
form we change the notation cwe(%’) to cwe..(W,X,Y,Z).

Theorem 2.14. For every linear Z,-code ¢ and its dual €+ we have (i* = —1)

1
—ewe, (WH+X+Y +ZW+iX Y —iZ,

cwe(gL(W,X,Y,Z): 7
W—X+Y—ZW—iX—Y+iZ).

With this theorem we can compute cwe(%+) when cwe (%) is known.

We can define permutations on the coordinate set X of Zj as in the binary
case. As Z, is aring with two units 1 and 3 we also allow “sign changes” in fixed
coordinates when considering the equivalence of codes. Let s : X — {1,3} be a
function and define its action on a codeword ¢ by a rule: (c;) — (s(i) - ¢;).

Definition 2.15. Two Z,-codes ¢ and € are equivalent if €* = so p(¢) for
some permutation p : X — X and function s : X — {1,3}. Otherwise they are
nonequivalent.

In Subsection 1.1.2 we identified the finite field F with the vector space F7'.
Now we do the same with the Galois ring R and the free module Z}'. Let B =
(a,0) be a generator of the Teichmiiller set .7 with a minimal polynomial f(x) €
Z,[x]. It can be shown that R = Z,[x] /(f(x)) and {1, 8, 2,..., ™ '} is a basis of
R as an extension over Z,. We identify this basis with the unit vectors {(1,0,...,0),
(0,1,...,0),...,(0,0,...,1)} and the whole ring R with Z'.
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In the previous subsection the extended binary cyclic codes were defined with
parity-check matrices and a primitive element oc. Now the parity-check matrices
are defined similarly but the defining element is = (o,0) and the coordinate set

X=7.

Example 2.16 (Preparata and Kerdock codes). Let m > 3 be odd and g = 2™.
The Z,-Preparata code &7 of length ¢ is defined by a parity-check matrix

11 1 .. 1
Hy= (0 1B B ... Bq—2> :
By replacing the powers of B with the corresponding column vectors in Z' we get

an (m+ 1) x g matrix over Z,. It is known that & has 22¢-2"~2 codewords and
d; (&) = 6. The dual code of & is the Z,-Kerdock code %" with cwe (W = 1)

1+X94+Y14+277
12(g—1) (Xq/ 27407 4 Yq/z)
+q(g—1) (Xq/4+\/t%ny/4+\/q%ZfJ/4—\/q/_8
Lx /4By a/A=al8 za/A—/4/8
Lx /4N a/8ya/4—a/8 za/4+/a/8
+Xq/4—\/ﬁyq/4+\/q/_82q/4+\/q/_8)'

When m = 3, the codes &7 and %" are the same code. This Z,-Nodrstrom—
Robinson code (or Z 4-octacode) is the unique self-dual Z,-code of length 8, min-
imum distance 6 and with 256 codewords, see [19, Subsection IV.E].

Historical notes I

The interest in Z,-codes started about a decade ago with the seminal work of
Hammons, Kumar, Calderbank, Sloane, and Solé [19]. There had been some
earlier work, for example [41], but it was the article [19] which really started the
theory of Z,-codes and coding theorists’ interest in Galois rings.

The theory of Z,-codes has been fruitful in many fields of research but still
the main achievement is the result in [19]: original binary nonlinear Preparata [45]
and Kerdock [32] codes can be seen as Gray images of the linear Z,-codes & and
. This gives an answer to the problem which was open for two decades: Why
the binary Preparata and Kerdock codes satisfy the MacWilliams identity (2.1)
although they are nonlinear? Since they are linear over Z,!

Actually, as explained in [19], the Gray images ¢(.#) are equivalent to the
binary Kerdock codes but ¢ () are not equivalent to the binary Preparata codes,
although their distance distributions are the same. This can be seen as follows: the
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Table 2.1: Different choices for k with different codelengths

[ m | length [k [ 2F+1
3 8 1 3
5 32 1,2 3,5
7 128 [ 1,23 3,5,9
9 512 |12, 4 3,5, 17
11] 2048 | 1,2345 3,5.9,17,33
13| 8192 [ 1,234,356 3,5,9,17,33,65
15| 32768 | 1,2, 4, 7 3,5, 17, 129
17 [ 131072 | 1,2,3,4,5,6,7,8 | 3,5,9,17,33,65,129,257
19 | 524288 | 1,2,3,4,5,6,7,8,9 | 3,5,9,17,33,65,129,257,513

binary Preparata codes (as well as their generalizations in [14, 2]) are subcodes of
the linear Hamming codes .77, see [50], but the Gray images ¢ (2?) are subcodes
of nonlinear binary codes with the same distance distribution as ¢, see [19].

The classical binary Nordstrom—Robinson code [42] is the binary Kerdock
code of length 16 and hence equal to ¢ (%) = ¢(Z?) when m = 3.

The binary Goethals codes [16, 17] and the first codes from a family of Delsarte
and Goethals [11] are also formally dual nonlinear binary codes. This can be ex-
plained again with Z,-codes: Gray images 0 (¥;-) are equivalent to the binary
Delsarte-Goethals codes and Gray images ¢ (%, ) have the same weight distribu-
tion as the binary Goethals codes, see [19] and Definition 2.17 below.

2.1.3 Z,-Goethals codes %k

Now we are ready to introduce the main subject of this thesis.

Definition 2.17. Let m > 3 be odd. The Z,-Goethals code %, of length g = 2" is
defined by a parity-check matrix

11 1 1 1
Hy =01 B p? po?
0 2 2B+ 2B(2k+1)2 2ﬁ(2k+1)(q—2)

where 1 <k < (m—1)/2 and ged(m,k) = 1 (see Table 2.1).

The codes ¢, and ¥, were introduced in [19] and [22], respectively, with the
results stated in the next theorem. These codes have 227732 codewords which
means that the binary codes ¢ (%) have four times as many codewords as BCH
codes of the same length and minimum distance.
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We extend the reduction modulo 2 mapping p* from Subsection 1.2.2 to a
mapping from Zj to F; by applying u* to all the components. We denote this
extension by u also.

Theorem 2.18. (i) d;(%,) =8,
(i) w(%) = {u(c) [ c €4} = B,;
(iii) 9,N2Z1 = {c €9 | cwe(c) =Y',0<i<q}={2d | pu(d) € £}

In [22] it was also proved that Iwe(%, ) is the same for every k. This leads to a
natural question: are some of the codes ¥, equivalent?

Theorem 2.19. The codes 9, are pairwise nonequivalent.

Proof. Suppose that ¢,, = so p(%,) for some permutation p : X — X and func-
tion s : X — {1,3}. We reduce this relation modulo 2: by the previous theorem
WU(%,,) = %, and u(9,) = %, and therefore %,, = p(%,). By Example 2.7 the
codes %, are pairwise nonequivalent and we must have k = . U

In [22] the codes ¢, were defined without the condition k < (m —1)/2. This
restriction assures that we get exactly all the different codes since ¥, =%, _, , see
[38, Problem (6) in Chapter 15].

The next theorem [19] allows us to reduce the number of cases that need to
be considered in the proofs of Theorems 4.5 and 5.1. From now on we view the
codewords of %, to be indexed with the finite field F.

Theorem 2.20. The codes %, are invariant under the doubly transitive group of
affine permutations

v, ,:F—=F, x—ax+b, acF,beF.

Low-weight codewords and supports

Now we start studying the low-weight codewords of the codes ¢,. By Lemma
1.29 a codeword ¢ = (cx),cp € %, should satisfy the next four equations over F

Y =0 (inZ,) Y x=0
xeF xeCUCy
. 2.2)
Z xXy= Z X2 Z 2l =0
x,y€C,UCy x€C,UCy xeC,UCy
x<y

With these equations and Theorem 2.18 we can analyze the codewords of
Hamming weight 8 or less.
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Lemma 2.21.

(i) If c € 9, and hwe(c) = X' with 1 <i <6, then cwe(c) € {Y*,Y°};

(ii) If ¢ € 9, and hwe(c) = X', then cwe(c) € {XOY, X*YZ* X*YZ*,YZ%},
(i) If ¢,d € 4, hwe(c) = hwe(d) =X, and x(c) = x(d), then ¢ = +d;

(iv) If ¢ € 4, and hwe(c) = X8, then cwe(c) €
{X8 X672, X*7%, X270, 78 X°Y?Z, X3Y*Z? XY?Z° Y®};

(v) Ife,d € 9, swe(c) = swe(d) = XY?, and x(c) = x(d), then ¢ = +d.
(vi) Ife,d € 9, swe(c) € {X®,Y¥}, and swe(d) = X°Y?, then x(c) # x(a).

Proof. The extended Hamming code .7# contains codewords of Hamming weight
4, 6, and 8, and by (iii) in Theorem 2.18 we have codewords of cwe-type Y*, Y9,
and Y8 in %,. The binary code %, has codewords of Hamming weight 6 and 8
and by (ii) in Theorem 2.18 there could be codewords of swe-types XY/ and X%
in ¢, for some j > 0.

If j =0, there would be a codeword of Lee weight 6 which contradicts (i) in
Theorem 2.18. For j € {1,2} we list all cwe-types which satisfy the first equation
in (2.2). In addition, we list all cwe-types of swe-type X® which satisfy the same
equation. This proves the items (i), (ii), and (iv).

Suppose we have two codewords of hwe-type X’ with the same support. They
must have 2’s in the same position as otherwise we would contradict the condition
dy(%,) = 6. Even if the 2’s were in the same position, considering 1’s and 3’s in
the other 6 positions we always contradict (i) in Theorem 2.18 except in the case
¢c==+d.

Assume we have two codewords of swe-type X6Y? with the same support.
Again 2’s must be in the same positions by d};(%,) = 6 and the fact d;(¥,) = 8
restricts the possibilities to ¢ = £d.

Let ¢ and d be codewords in the item (vi) and suppose they have the same
support. If ¢ is of swe-type X3, then 2¢ is of swe-type ¥'® and we can assume ¢ to
be of swe-type Y®. Thus we have codeword 2d of swe-type Y® within the support
of ¢ which contradicts the fact dj, (.#°) = 4 by (iii) in Theorem 2.18. O

2.2 Designs

In this section we introduce z-designs and review some basic results about them.
We also show how certain designs can be constructed from error-correcting codes.
These designs are needed in the construction of new designs in Chapters 4 and 5.
For the results in this section the reader is referred to [38, 33, 24].



2.2 Designs 29

Definition 2.22. A 7-(v,k,A) design is a pair (X,B) where X is a v-element set
of points and B is a collection of k-element subsets of X (called blocks) with the
property that every 7-element subset of X is contained in exactly A blocks. A
design is simple if all the blocks are distinct; otherwise, the design is said to have
repeated blocks.

Almost all of the designs in this thesis are simple and therefore the simplicity
is not always mentioned. If a design has repeated blocks, it is explicitly stated.

Theorem 2.23. If (X,B) is at-(v,k,A) design and T is any s-element subset of X,
with 0 < s <t, then the number of blocks containing T is
by=[{AeB|T CA}=1("2)/(2).

t—s

In particular, by is an integer and (X,B) is a s-(v,k,bs) design. The number of
blocks is equal to b, satisfying

k
bo(i) =2 ()-
Let p : X — X be a permutation of the point set X. There is a natural action of

p to the blocks b C X defined by p(b) = {p(a) | a € b} and to the whole 7-design
defined by p(B) = {p(b) | b € B}.

Definition 2.24. Two 7-designs (X, B) and (X,B*) are equivalent (or isomorphic)
if B* = p(B) for some permutation p : X — X. Otherwise they are nonequivalent.

2.2.1 Designs from linear codes over F,

We present now the celebrated Assmus—Mattson theorem [1] which is a powerful
tool in constructing ¢-designs from linear codes over finite fields. For simplicity
we restrict ourselves to F, and we can identify codewords with their supports.

Theorem 2.25 (Assmus-Mattson). Let C be a binary [n,k,d] linear code and
(B,)I, the weight distribution of C*. Suppose we can find an integer t, with
0 <t <d, such that there are at most d —t nonzero B;’s in the range 1 <i<n—t.
Then for any i > d the supports of size i in C form a simple t-design.

From now on we have n = g = 2™.

Example 2.26 (Extended Hamming codes). We show how Theorem 2.25 is ap-
plied to Example 2.6. The Assmus—Mattson theorem is applicable with # = 3 since
there are only one nonzero B; in the range 1 <i < g— 3. So the supports of any
fixed size in 77 define a simple 3-design. We can calculate the weight distribu-
tion of s by Theorem 2.4 and the corresponding A’s by Theorem 2.23. As an
example we list below the three first 3-designs. We recall that the blocks of these
designs can be identified with the supports of cwe-type Y in ¢, by item (iii) in
Theorem 2.18.
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(i) The supports of size 4 in .7 form a 3-(q,4, 1) design.

(ii) The supports of size 6 in 7 form a 3- (q, 6, W) design.

(iii) The supports of size 8 in .7 form a 3- (q, 8, (q_4)(q_6)1(2%2_15q+71)) design.

Example 2.27 (Extended two-error-correcting BCH codes). We continue with
Example 2.7 so g = 2" with odd m. The Assmus—Mattson theorem is again ap-
plicable with r = 3 as there are only three nonzero B,’s in the range 1 <i < g — 3.

(i) The supports of size 6 in %, form a 3- (q, 6, %) design.

(ii) The supports of size 8 in %, form a 3- (q, 8, W#) design.
Example 2.28 (Reed—Muller codes). We continue with Example 2.8. Instead of
the Assmus—Mattson theorem we use the affine geometry AG(F) to get 3-designs
from the minimum weight codewords in RM(m — 3,m). Recall that these code-
words are exactly the 3-flats in AG(F).

Choose three distinct points from AG(F). They define a unique 2-flat. We can
choose a point outside this 2-flat in ¢ — 4 ways and this fifth point determines a
3-flat. Clearly, there are four choices which lead to the same 3-flat and thus there
are (¢ —4)/4 different 3-flats which contain the three fixed points.

e The supports of size 8 in RM(m — 3,m) define a 3- (q, 8, %) design.

2.2.2 Designs from linear codes over Z,

For linear Z ,-codes we do not have such a powerful tool as the Assmus—Mattson
theorem above. There have been some attempts to generalize this theorem to Z,
but the results are much more complicated and restricted than the original one.
This is natural as Z, is a ring and not a field.

Tanabe [54] gives one Assmus—Mattson theorem for Z,-codes but it does not
give any designs from the Z,-Goethals codes %,. The required calculations are
messy and not included in this thesis; see also comments in [24].

An Assmus—Mattson type theorem by Shin, Kumar and Helleseth [52] does
not imply our main results, Theorems 4.5 and 5.1, but it gives us the next theorem
[52, Corollary 8] which is used in the proof of Corollary 4.8.

Theorem 2.29. The supports of any fixed hwe-type in 9, form a 3-design possibly
with repeated blocks.

The proof of Theorem 2.29 makes use of the next theorem [51].

Theorem 2.30. The supports of size T in 9, form a 3- (q, 7, % (g— 8)) design.
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In Chapter 5 we try to generalize this theorem for the codes ¢, with different
values of k. Let us assume that we can prove the analogue of Theorem 2.30 for a
code ¢, with some value of k > 1. The analogue of Theorem 2.29 will then also
hold. This is because a study of the proof of Theorem 2.29 in [52] reveals that a
reference to Theorem 2.30 is the only step of the argument where the assumption
k =1 is needed.

We recall two classical related results [49, 3] in the form of one theorem.
A binary distance invariant (for the definition see [38, p. 40]) code is called
Preparata-like or Goethals-like if it has the same weight distribution as ¢ (%)
or ¢(%,), respectively.

Theorem 2.31. The supports of fixed size in any Preparata-like code form a 3-
design. The supports of fixed size in any Goethals-like code form a 3-design.

From this theorem we derive one 3-design needed in Section 4.4. We can
count the number of codewords of Hamming weight 8 in ¢(%,) and hence the
corresponding A. This parameter can be derived also from [3, Theorem 3] or
more directly from [28, Proposition 1].

Corollary 2.32. The supports of size 8 in the Goethals-like code ¢(%9,) form a
3—<2q,8, W) design.

Historical notes 11

Research on constructing 7-designs from Z,-codes started with articles [18, 20]
where it was shown by computer searches that in the Z,-Golay code the sup-
ports of hwe-type X' and X'? yield 5-(24,10,36) and 5-(24,12,1584) designs,
respectively. These results were later proved analytically in three different ways
[6, 53, 54].

In addition to the above interesting but restricted designs, Helleseth, Kumar,
and Yang [23] have constructed an infinite family of 3-designs from the Z,-
Preparata codes &. The supports of hwe-type X° form a 3-(2",5,10) design
for all odd m > 3. Also the supports of the Z,-Kerdock codes % contain infinite
families of 3-designs [55].

By Example 2.26 and Lemma 2.21 we see that supports of size < 6 in the
Z,-Goethals codes ¢, yield classical 3-designs. Shin, Kumar, and Helleseth [51]
settled the next case, i.e. supports of size 7 in ¢, in Theorem 2.30. In Chapters 4
and 5 we find some 3-designs from supports of size 8 in ¥, .

For a survey the reader is referred to [24].






Chapter 3

Decoding algorithm

In this chapter we describe an algebraic decoding algorithm for all the Z ,-Goethals
codes ¢, which corrects all errors up to the error-correcting capability. This al-
gorithm has been presented in [46] and is a generalization of a complete decoding
algorithm for ¢, by Helleseth and Kumar [21].

3.1 Decoding problem

We have seen that d; (%,) = 8 and thus look for an efficient decoding algorithm
which corrects all errors with Lee weight at most 3. Next we describe one such
an algorithm. As in Lemma 1.29 the variables in the Teichmiiller set .7 and
their modulo 2 reductions in F are denoted by X,Y,Z,A,B,C and x,y,z,a,b,c,
respectively.

We modify the setting in Subsection 2.1.1 to Z,-domain: the receiver gets
the word r € Z] which differs from the original codeword ¢ by an error word
e = (ex)ycs € Z], ie, r=c+e We calculate the syndrome of the received
vector

S =rHy = cHy +eHy =eHy = (1,A+2B,2C)

where t € Z, and A,B,C € .7. This presentation with .7 is possible by Lemma
1.27 and with Lemma 1.29 it transforms to the following system of equations:

t:Zex (in Z,) a= Z X

xeF xeE UE,

b= ¥ ot ¥ 0 = ¥
x,yeE|UE; x€E,UE; x€E|UE,
x<ly

where we abbreviate d = 2f + 1. Now the task for the decoder is: given any
syndrome, decide what codeword was most likely sent, or, for any syndrome give
the minimum weight codeword e (leader) in the corresponding coset e + %'.
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We will divide the discussion into four cases depending on the value of . As
examples we have expanded the resulting polynomial conditions in the case k = 2.
The case k = 1 was described in [21].

Observing that syndrome

—S=(-t,—(A+2B),-2C) = (—t,A+2(A+B),2C)

corresponds to the error vector —e we can reduce the number of different error
patterns that need to be considered. The case t = 3 is reduced to the case t = 1:
If we have a syndrome S = (3,A + 2B,2C) we decode with a syndrome —S =
(1,A+2(A+B),2C) and get an error vector e. The actual error vector is then —e.

3.2 Caseofr=0

Theorem 3.1. Let S = (0,A+2B,2C) denote the syndrome of a coset.
(i) Ifa=b=c=0, then 0 is the coset leader.
(it) Ifa#0and c= (bz/a + a)d + (bz/a)d, then the coset leader has Lee weight
2 and is uniquely determined by x = b*/a+a, ex=1y= b?/a, and ey =
3. In particular, if k = 2, the latter condition can be rewritten in the form
a® +ap? + b +aPc = 0.
(iii) If (i) and (ii) do not hold, then any coset leader has Lee weight > 4.
Proof. (i) Clear.

(ii) Suppose we have an error of Lee weight 2 where ey, =1,e, =3,and X #7Y.
This leads to the syndrome equations

a=x+Yy
b* =xy+y*
c=x"4y".

Since X #Y it follows that a = x +y # 0. The first two equations have the
unique solution
2 2
b
X=—+a and y=—
a a

which satisfies the third equation if and only if

b2 AN
c:(—+a> +(—> .
a a

(iii) If cases (i) and (ii) do not hold, we detect an error of Lee weight > 4, since
the conditions in (i) and (ii) describe all cosets of Lee weight O and 2, re-
spectively, where ¢ = 0.

O
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3.3

Caseofr=1

Theorem 3.2. Let S = (1,A +2B,2C) denote the syndrome of a coset.

(i)

(ii)

(iii)

(iv)

Ifb =0 and c = a%, then the coset leader has Lee weight 1 and is uniquely
determined by x = a and ey, = 1.

If b # 0 and c = a®, then the coset leader has Lee weight 3 and is uniquely
determined by x =a~+b, ey =2, y=a, and ey, = 3.

Ifb#0, ¢ # a’ and Tr (bd / (ad —|—C) ) = 0, then the coset leader has Lee
weight 3. The coset leader is uniquely determined by ey, = ey, =1, e, =3,
D, ,(z+a,b*) = (a?+c)/b? and x and y are the zeros of T*+ (z+a)T +
b* +az = 0. In the case k = 2, the variable 7z should satisfy

(z+a) +b*(z+a) = (a’+c) /b
Ifb#0, c #a?, Tr(bd/(ad—i—c)) =1, and
p(T) =T +al*+ (a*+b*) T + o,
has three distinct zeros in F where o5 satisfies
D, (o5 +a +ab*,b°) = (ad +C>/f
and

n=d/3and f =1, if21k
n=(d-2)/3and f =b*  if2|k

then the coset leader has Lee weight 3 and is uniquely determined such that
x,y,z are the three distinct zeros of p(T) in F and ey, = e, = e, = 3. Espe-
cially when k =2, the term 03 should satisfy 6; = (C +a+a’b* + ab4) / b

(v) If none of (i)—(iv) hold, then any coset leader has Lee weight > 5.

Proof. (i) Consider a single error in the location X with ey, = 1. Then a = x,

b =0, and ¢ = x¢ = a? and the coset leader with this syndrome is, therefore,
uniquely determined by x =a and ey, = 1.

(ii) In the case of an error of Lee weight 3 where ey =2, e, =3,and X #Y, we

obtain the syndrome equations

a=y
b =x*+y*

c=)y".
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(iii)

Since X # Y we have b = x+y # 0. The above system of equations has a
solution if and only if ¢ = a? and in this case the solution gives the coset
leader uniquely determined by

x=a+b and y=a
where ey =2 and ey, = 3.

Suppose we have an error of Lee weight 3 where ey = e, =1 and e, =3
such that X, Y, and Z are pairwise-distinct. We get the syndrome equations

a=x+y+z
b =xy+xz+yz+2°
c:xd—i—yd+zd.

If B =0, we would have a codeword of Lee weight 4 in & withey =¢, =1
and e, = ¢, = 3. By Example 2.16 we know that d, (£?) = 6 and therefore
b # 0. From the first two equations we see that xy = az+ b* and using (1.1)
and Lemma 1.15 we derive (notice that d — 1 = 2%)
¢ =D, (x+y,xy) +z*

=D, (z+a,az+b*) +2*

=D,(z+a,az) + D, (z+a,b*) + (z+a)! +2*

=a’+(z+a)D, , (z+a,b*) +b*D, , (z+a,b*) + (z+a)’

—a+ szd—z (z +a, bz) .
All in all we have

ad+c
b2

D, ,(z+a,b*) = (3.1)

and s = ged(d —2,q — 1) = 28dtbm) _ 1 — 1,

Assume we could solve z from the previous equation. Then we could find x
and y as roots of the equation

>+ (z+a)T +b*+az=0.

This has two roots in F if and only if

b? b b
T (Z2E) o () = (—— ) =0
(z+a) 7+a al+c

by Lemma 1.4, (3.1), and Lemma 1.19. So when we have this error pattern
the above condition must hold and therefore we can also compute the unique
root of (3.1) by Theorem 1.20.
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(iv) Consider the error of Lee weight 3 with distinct error locations X, Y, and Z
where ey, = e, = e, = 3. This leads to the syndrome equations

a=x+y+z
b =xy+xz+yz+x*+y +7
c:xd+yd+zd.

If B would be 0, we would have a codeword of Lee weight 4 with ey, = e, =
e; =e, = 3in &. Again, Example 2.16 implies b # 0. We know that x, y,
and z are the zeros of the polynomial

p(T)=T+aT*+ (a*+b*) T + 0y

where 0; = xyz. We need to find 0.

From the syndrome equations we get xy = z> +a® +az+b? and by (1.1) and
Lemma 1.15

¢ =D (x+y,xy)+2*
=D, (z+a,2% +a*) + D (z+a,az) + D, (z+a,b*) +2*
=(k+ 1)(z+a)d—|—ad+Dd (z+a,b2).

If 21k, then 3 | d and
c:a”l—f—Dd/3 (D3 (z+a,b2) ,b6).
If 2| k,then 3 | (d —2) and

c=(z+a)!+a’+(z+a)D, | (z+a,b*) +b*D, , (z+a,b?)
=a’ +b2D(d72)/3 (D3 (Z"‘“’bz) 71’6) :

In addition,
D, (z+a,b*) = p(z) + 05 +a’ +ab* = 0y +a’ +ab’ (3.2)
and we conclude that

d
Dy (03 +a® +ab* b) = % (33)

where

n=d/3and f =1, if21k
n=(d—-2)/3and f =b*  if2]k.
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The polynomial p(7') has three zeros in F if and only if (3.2) has three roots
in F. By Theorem 1.18 (s = 1, r = 3) and Lemma 1.19 this requires that
0, +a*+ab® # 0 and

3
() =T (i)
zta o, +a’ +ab?

By Lemma 1.19 (s = gcd(n,q — 1) = 1) and (3.3) the above trace condition
is equivalent to

b3n bd
D, (05 +a®+ ab?, %) al+c

but this is always true as otherwise we would be in the case (iii). This means
that, when o satisfies (3.3), then p(T') = 0 has either zero or three roots.

It is straightforward to see that

1, if31k

r=ged(mg+1) = {3 i3]k

When 3 t k we can find the unique root of (3.3) by Theorem 1.20 and then
get the zeros x, y and z of p(T). When 3 | k we compute three roots of (3.3)
which are then the candidate values for ;. For two of the candidates the
resulting polynomial p(T) has no zeros, and for the correct candidate o, the
polynomial has three zeros, which are then x, y, and z.

(v) In all other cases, when t = 1 we detect an error of Lee weight > 5.

O

Of all the cases, (iv) is computationally the most demanding. Syndrome with

the coset leader of Lee weight 5 and r = 1 gives in the worst case three different
guesses for o, and for none of them p(T') has three zeros.

Time consumption can be reduced by using more lookup tables. One table

could have “true” in index & if and only if x* +x = & has three roots. With the aid
of such a table one can quickly check when p(T') has three zeros. Another table
could list all (¢ + 1)th roots of unity in the quadratic extension of F. This can be
used to speed up the computation of nth roots in this larger field.

3.4 Caseofr=2

Theorem 3.3. Let S = (2,A+2B,2C) denote the syndrome of a coset.

(i) If a=c =0, then the coset leader has Lee weight 2 and is uniquely determ-

ined by x = b and ey = 2.
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(ii) Ifa#0, c=D, (a,bz), and Tr(b/a) = O, then the coset leader has Lee
weight 2 and is uniquely determined such that x and y are zeros of T? +
aT +b*> =0 and ey = ey = 1. Especially when k = 2, then ¢ should be
@ +a’b? + ab®.

(iii) Ifa#0,c=D, (a,a2 +b2), and Tr(b/a) = 1, then the coset leader has Lee
weight 2 and is uniquely determined such that x and y are zeros of T? +
al +a*>+b* =0 and ey = ey = 3. In particular, if k = 2, then c¢ should be
@ +a’b* + ab®.

(iv) If (i)—(iii) do not hold, then any coset leader has Lee weight > 4.

Proof. (i) Consider a single error in the location X with ey =2. Thena =c=0
and b? = x°.

(ii) In the case of an error of Lee weight 2 where ey, = e, =1 and X #Y we
obtain the syndrome equations

a=x-+y
bzzxy
c:xd+yd.

Since X # Y we have a # 0. The first two equations imply that x and y are
the roots of T2 +aT + b*> = 0. By Lemma 1.4 this can happen if and only if

o(8)n(2)-s

Then x and y obey the third equation if and only if ¢ = D (x4 y,xy) =
D, (a,b*) which is given explicitly in (1.2).

(iii) Assume error of Lee weight 2 where ey = e, =3 and X # Y. As mentioned
in the beginning of this section, we can now consider error —e as in the case
(ii) with one difference: we replace b®> by (a+b)? = a®>+b*. Sox+y=a #
0, xy = a® + b2, and the equation T? + aT + a* + b* = 0 should have two
roots in F. This condition is equivalent to

2 2
Tr(a 0 ) :Tr<é>+1:0.
a a

(iv) In all other cases than (i)-(iii) with # = 2 an error of Lee weight > 4 is detec-
ted.

O
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By Lemma 1.15 we get that

at, if2tk
D,(a,a®>+b*) =D, (a,b*) + ’
u ) =Dy(ab) 0, if2]|k.
In the case 2 | k we could implement the algorithm in a slightly different order: if
c=D, (a,bz), then we may branch into the cases (ii) and (iii) according to the
value of Tr(b/a).

Historical notes II1

The Z,-Kerdock codes have a Hadamard-transform soft-decision decoding al-
gorithm presented already in the seminal paper [19]. In the same article an algeb-
raic syndrome decoder for the Z,-Preparata codes was introduced. This algorithm
includes similar case-by-case analysis as the decoder above.

Helleseth and Kumar [21] presented a complete decoding algorithm for the
Z.,-Goethals code ;. Our algorithm above generalizes this to all codes ¢, except
that our algorithm works only up to the error-correcting capability and is thus not
complete. Some of the cases in the complete decoder [21] can be generalized with
Dickson polynomials for every k but we could not solve two hard cases.

There has been an intensive search for other good linear Z,-codes, see for
example tables in [31], but only a few have been found. These include two re-
markable linear Z,-codes discovered in [7, 8]: they have length 32, minimum dis-
tances 12 and 14, and 237 and 232 codewords, respectively. The 5-error-correcting
code has similar algebraic decoding algorithm [48] as above but for the 6-error-
correcting code this approach seems to fail. For this latter code another approach
is outlined in [35].



Chapter 4

New 3-designs from codes ¥,

In this chapter we derive many families of 3-designs with block size 8 from the
Z,-Goethals code ¢,. In the next chapter we generalize these designs for certain
other values of k. The results in this chapter are taken from [47].

4.1 Classification of supports of size 8

In order to get small 3-designs with block size 8 from the codes ¢, we have to
analyze the supports of size 8. Below we abbreviate sentences by using phrase
“support of swe-type X8 instead of “support of codeword of swe-type X5”.

We have seen in Lemma 2.21 that all possible swe-types of supports of size
8 are Y8, X%, and X°Y2. Let us consider more closely the relations between the
Z,-code ¢, and the binary codes .7’ and %,. By Theorem 2.18 the supports of
swe-type Y® can be identified with codewords of Hamming weight 8 in .7#. By
the same theorem the supports of swe-type X® are codewords in %, but not all
codewords of Hamming weight 8 in %, are necessarily supports of swe-type X 8
— they can be p-images of codewords with larger supports.

Definition 4.1. Let ¢ € %, have a support S of size i. If there is a codeword d € ¥,
of swe-type X' such that y1(d) = ¢, we say that ¢ can be lifted exactly to 4. The
set of codewords which can be lifted exactly to ¢, is denoted by %;.

Lemma 4.2. Supports of hwe-type X8 in 9, divide into the following distinct
classes:

(A) Supports of size 8 in H\ B, ;
(B) Supports of size 8 in B, \ B}
(C) Supports of size 8 in B,

D) Supports of swe-type X°Y2.
( pp yp
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Proof. The classes (A)—(B) are clearly distinct and contain all supports of cwe-
type Y8 in ¢ which are not in (C). The class (C) contains all supports of swe-type
X% in %,. By (vi) in Lemma 2.21 the class (D) is distinct from (A)—(C). ]

The relation between the codewords and the corresponding supports are simple
in the classes (A) and (B): there is exactly one codeword for each support. By (v)
and (vi) in Lemma 2.21 there are always two codewords for each support in the
class (D). The class (C) is more complicated. For example, there are codewords
like 11111111 and 11113333 which have the same support. For further analysis
of the class (C) we need to introduce the concept of lifting rank.

Definition 4.3. Let S be a subset of the index set F. The lifting rank of S is 4512%
if a generator matrix of a subcode ¥, |, = {c € %, | x(¢) C S} is permutation-
equivalent to a matrix of the form

_ Ik] A B
Gs = 0 21, 2C)°
2

From now on we consider only the lifting ranks of supports of swe-type X
and hence we always have k; = 1. We abbreviate by saying that such a support
has (lifting) rank k.

The rank counts linearly independent codewords of cwe-type Y* within the
support. It is easy to see that 0 < k, < 3. The supports of rank 3 are special:
they are 3-flats in the affine geometry AG(F), that is, minimum weight words
in RM(m — 3,m), see Subsection 1.1.2 and Example 2.8. In the next lemma we

analyze the possible ranks and the corresponding subcodes. This analysis divides
the class (C) into five subclasses.

Lemma 4.4. Supports of swe-type X in &, divide into the following distinct
classes:

(i) S has rank 3 and cwe (gkls) =X8 414X 74 + 728 + (W8 + 14w4y* —|—Y8).
(ii) S has rank 1 and cwe (9, |¢) = X0Z> +2X*Z* + X270+ (W8 + 2wy +1#).
(iii) S has rank 0 and cwe (gkls) =X%72 + X275 + (W8 —|—Y8).
(iv) S has rank 0 and cwe (gkls) =x84+78+ (W8 —|—Y8).

(v) S has rank 0 and cwe (%[S) =2X47% + (W8 + YS).

Proof. If S has rank 3, it is a 3-flat in AG(F) and a codeword in RM(m —3,m). A
Z,-word of cwe-type X 8 and with a 3-flat support satisfies all the equations (2.2)
by Examples 1.12 and 2.8. We can take any 2-flat within the 3-flat and change 1’s
to 3’s in these positions obtaining another codeword in ¥, . The 3-flat contains 14
different 2-flats and the cwe of the subcode follows.
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If S = {x,x,,...,xg} has rank > 1 but is not a 3-flat, there is a 2-flat, say,
{x,%5,x3,x,} in S and we can extend it to a 3-flat {x,,x,,x5,%,,%5, ¥, 5,3}
y; € S. This 3-flat support is in the class (i) and considering case-by-case we see
that the 2-flat {x, ,xz,x3,x4} must have either 1 or 3 positions with a 3-symbol. So
only the combination (ii) can exist and then codewords 11131113 and 11133331
have the same support, that is, in a codeword of cwe-type X °Z2 both 2-flats include
one 3-position. All other possibilities contradict with d; (¢,) = 8.

The classes (iii)—(v) clearly list all types of supports of rank 0. ]

In Example 4.10 we will see that when m = 5 only the classes (i) and (ii)
are nonempty. By computer we have checked that with m € {7,9} all classes are
nonempty and it is reasonable to expect that this is true also with m > 11.

4.2 Main results

We state now the main theorem and deduce some corollaries. All the design fam-
ilies in this chapter are new in the sense that they are not listed in [33, Table 3.31]:
the known infinite families of simple #-designs with # > 3. From now on k =1 and
we consider only the code ¥,.

Theorem 4.5. The class (ii) defines a 3- (q, 8, %(q — 8)) design.

The proofs of Theorem 4.5 and Corollary 4.6 are postponed to Sections 4.3
and 4.4, respectively.

Corollary 4.6. The class (C) forms a 3- (q, 8, 32‘12_92%) design.

Corollary 4.7. The class (B) defines a 3- (q, 8, W) design.

Proof. Subtract A in Corollary 4.6 from A in (ii) in Example 2.27. ]
Corollary 4.8. The class (D) forms a 3- (q, 8, %(q —8)(g— 12)) design.

Proof. By Theorem 2.29 the codewords of hwe-type X® define a 3-design with re-
peated blocks. We can count its parameter 1* = (¢* —25¢> + 1269¢% — 213904 +
100648) /120 from cwe(%;") [52] by Theorems 2.14 and 2.23. This design con-
tains codewords of swe-types Y8, X3, and X°Y? by Lemma 2.21. We drop out all
codewords of swe-types Y® and X8, and by (iii) in Example 2.26 and A’ in (4.7)
in page 53 we get a 3-design with A equal to

" 112
A _kz.ze(iii)_”:1—5(4—8)(61—12)-

We take the supports of the remaining codewords and by item (v) in Lemma 2.21
we get a simple 3-design with a parameter A /2. O
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Corollary 4.9. The supports of size 8 in 9, form a 3-(q,8, 1) design with

_ q*—25¢> +693¢% — 10030g + 44712

A 120

Proof. Add A in (iii) in Example 2.26 to A in Corollary 4.8. O

Example 4.10 (3-designs with g = 32). The designs of length 32 are quite dif-
ferent from the longer ones. By counting the parameters of all designs above we
see that the classes (iii)—(v) and (B) are empty. All in all we get only three new
designs:

e 3-(32,8,112) design (class (ii))
e 3-(32,8,1792) design (class (D))
e 3-(32,8,5523) design (all supports of size 8)

Duursma et al. [15] noticed that for the length 32 the automorphism group of
¢ is 3-homogeneous (any 3-subset can be mapped to an arbitrary 3-subset) and
hence codewords of any fixed cwe-type form a 3-design possibly with repeated
blocks. Applying this result to the second design we can split it into 3-(32,8,672)
and 3-(32,8,1120) designs corresponding to the cwe-types X°Y2Z and X3Y2Z3,
respectively.

Interestingly, we have 3-(32,6,112),3-(32,7,112), and 3-(32,8,112) designs
by (ii) in Example 2.26, Theorem 2.30, and Theorem 4.5, respectively.

Example 4.11 (3-designs with ¢ = 128). Now all classes (i)—(v) and (A)—(D) are
nonempty and we get all five new designs:

e 3-(128,8,560) design (class (ii))
e 3-(128,8,6735) design (class (C))

e 3-(128,8,7584) design (class (B))

e 3-(128,8,51968) design (class (D))

e 3-(128,8,1884347) design (all supports of size 8)

We claim by computer calculations that the design from class (D) no longer splits
into two designs corresponding the cwe-types X Y2Z and X3Y2Z3.
We can verify also the existence of the following designs by computer:

e 3-(128,8,2688) design (class (iii))

e 3-(128,8,3456) design (classes (iv) and (v))
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and we claim that the class (iv) alone do not define a 3-design.

Example 4.12 (3-designs with ¢ = 512). We do not list the parameters of the five
new designs anymore but remark that, again, by computer we get:

e 3-(512,8,56448) design (class (iii))
e 3-(512,8,72576) design (classes (iv) and (v))

Conjecture 4.13. The class (iii) forms a 3-design.

4.3 Proof of Theorem 4.5

First of all, we want to acknowledge that the following proof and its character sum
methods imitate greatly the proof of Theorem 2.30 from [51]. As we will see in
Section 4.5 Theorems 2.30 and 4.5 are geometrically linked and equivalent. Nev-
ertheless, we present our proof below for self-containedness — it is also shorter
and more uniform than the proof in [51].

To prove the main theorem we have to show that any three distinct coordinate
positions are included in equally many supports of cwe-type X°Z? and rank 1.
By Theorem 2.20 we can assume that these positions are 0, 1, and an arbitrary
element a € F**. In this section all supports and codewords are assumed to be of
cwe-type X°Z? and rank 1 unless otherwise stated.

Lemma 4.4 shows that codewords (of this considered type) can be identified
with their supports and we know that the support is a union of two 2-flats and both
of them contain one 3-position. In other words, codeword is split into two 2-flats
like: 1113 and 1113. This leads to a total of 22 combinations of positions 0, 1,
and a among the two 2-flats and 1’s and 3’s as shown in Table 4.1. The number of
codewords belonging to each combination with a fixed a is also shown.

We verify next the different frequencies and by summing them up we see that
A is equal to 14(g — 8)/3 and the supports, indeed, form a 3-design.

Assume that we have a codeword which is counted in the case (Ob), that is,
the corresponding support includes the positions 0, 1, and a. Using permutation
x — x/a and Theorem 2.20 we get a codeword which includes the positions 0,
1/a and 1. This permuted codeword is counted in the case (0b’) with a parameter
1/a € F**. Conversely, the codewords counted in (0Ob) are permuted versions of
codewords in (0b’) and therefore we need to prove the frequency only for one of
them.

With the same permutation we can link the cases (1a)—(3b) with (1")—(3').
Another permutation x — x + 1 links the case (Ob") with (0b”) and cases (1')—(3")
with (1”)—(3"). We conclude that it suffices to prove only the cases (0a), (Ob), and
(1a)-(3b).
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Table 4.1: All combinations of three coordinates

1 1 1 3|1 1 1 3
Case Frequency
Xp X X3 X4 1Y) Yo V3 Y4
©a) |0 1 a (q—8)/6
©Ob) |0 1 a (q—8)/6
Oy |0 a 1 (9—8)/6
Ob") |1 a (4-8)/6
(la) 0 1 a 2(q—8)
(1b) [0 1 a 3
(2a) | 0 1|a g8
2b) |1 0|a 2
(3a) | 0 1 -3
(3b) |1 0 a 6
0 a 1
/ 2(g—8)
) 0 a 1
0 a|l
/ 9-8
2) a 01 2
0 a 1
/ -8
3) a 0 1 6
1 a 0
" 2(q—8)
an 1 a 0
1 al|O
4 98
@) 1, 1o 2
1 a 0
" q9=8
SR I 0 G

4.3.1 Syndrome equations

Next we consider the equations which the support {x,,x,,%x3,%,,,,, Y3, ¥4} from
Table 4.1 should satisfy. The sets {x,,x,,x5,x,} and {y,,y,,y5,y,} form the two
2-flats and 3’s are thought to be in the positions x, and y,. By (2.2) and the 2-flat
structure the following equations should hold:

0y (x),%p, %3, X,) =
(y17y27y37y4)

62(x1 1 X0 X3, X4, V1 a)’27Y3a)’4) —X4 +y4
)=

S3(x1 1 X025 X35, X45Y15Y2:Y3: Y4

where 0; and S are the jth elementary symmetric polynomial and the sum of jth
powers, respectively, see Definition 1.11 and Example 1.12.
We abbreviate the regularly used terms o;(x;,x,,%3,%,) and 0;(x,x,,x3) to

0;(x;) and o(x;), respectively. Similar notations hold for S5’s and y;’s.
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We simplify the third equation with the first two equations:
2 2
03 (x;) + 03(y;) = 0,(x,) 0, (v;) + 07 (x;)x, + x5+ 07 (;)y4 +y5 = 0.

By Theorem 1.13 the identity S; = 613 + 0,0, + 05 holds and the fourth equa-
tion becomes

S3(x;) +8,(v,) =0, (x;)° + 0, (x,)0, (x;) + 05 (x;)
+0; (yi)3 +0,(3;)0,(v;) + 05(y;) = 03(x;) + 05(y;) = 0.

All in all the considered support should satisfy
0;(x;) = 03(»;) (4.1)

If the variables x; and y, are distinct, the corresponding codeword is of the
desired type and rank. The items (i)—(iii) from Lemma 2.21 imply easily that
the only possible overlapping of the variables x; and y; satisfying (4.1) is the case
where the 2-flats are equal and x, = y,, that is, they form the support {0, 1,a,a+1}
of cwe-type Y 4. So the solutions of (4.1) have one extra codeword which must be
excluded.

4.3.2 Cases (0a) and (0b)

In the case (0a) we set x; =0, x, = 1, and x; = a. By (4.1) we have x, =a+1
and therefore 6} (x;) = a and 0;(x;) = a* + a. We have four unknown variables y,
which satisfy by (4.1)

ot (y,-) Va4
Gﬁ()’i) =a

05(v;) = 03 (y,)ys + 03(y;) = aci(y;) + 03(y;) = a’+a.

We think of o{(y;) = o as a free variable and the above equations show that
Y1» ¥, and y5 are zeros of the polynomial

p(T) =T34+ 0](y,)T* + 03(y,)T +05(y;) = T> +6T* +aT +ac +a* +a.

Clearly, interchanging the roles of the variables y,, y,, and y; affects neither the
above polynomial nor the corresponding codeword. Therefore the polynomials
p(T) that have three distinct zeros in F correspond to the codewords in the case
(0a) or possibly to the extra codeword.

The polynomial p(7') has always three distinct zeros in its splitting field as
p(T) and its derivative p’(T) = T? +a have no common zeros. The question is:
for how many values of ¢ all zeros of p(T') are in F.
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We substitute T = U + ¢ and p(T) transforms to U* + (62 4 a)U +d* +a.
For 6 = \/a this polynomial has only one zero in F and we can ignore that case.
We substitute again with U = (o ++/a)V and divide by (o + \/a)? and get

3 a®+a
V>+V+ CENGE
By Example 1.21 this polynomial has three zeros in F for (¢ —2)/6 values of o
since a® +a # 0 and x — x> is a bijection F* — F*. Our substitutions preserve the
number of zeros and hence p(T) has three zeros in F for (g —2)/6 values of ©.

The codeword of cwe-type Y* would have {y,y,,y;} = {0,1,a}, 6 =a+1,
and p(T) = T° + (a+ 1)T? + aT. Excluding this extra codeword we have all in
all (¢ — 8)/6 codewords in the case (0a) as claimed in Table 4.1.

In the case (Ob) we have x; =0, x, =1, x, = a, and x; = a+ 1. The auto-
morphism x — x + 1 links the case (0b) with (0a) and the frequencies are the
same.

4.3.3 Cases (1a) and (1b)

We have x; =0, x, =1, and y, = a in the case (la). Now there are unknown
variables in both 2-flats and the calculations are more complicated. We denote
the variable x; by x and the elementary symmetric polynomials of y, and y; by
0, =y, +y; and 0, = y,y;. The variables y, and y, are zeros of the polynomial
T?+06,T + 0, and by Lemma 1.4 the condition Tr (0, /07) = 0 must hold.

The extra codeword of cwe-type Y has the support {0,1,a,a+ 1} and then
0, € {1,a,a+1}. On the other hand if 6, € {0,1,a,a+ 1} then the 2-flats would
overlap or the support would have rank 3. As rank 3 contradicts (4.1), the only
possible codeword is of cwe-type Y. To exclude this extra word we can restrict
ourselves to the cases o, € F* =F\ {0,1,a,a+ 1}. We make this same restriction
also in the forthcoming subsections.

By (4.1) we know thatx, =x+1,y, =a+ 0, x=ao, + 0, and

x> +x=ac,+ac,(a+0,)+0,(a+0,) = 0,0, +a’0, +aci. (4.2)

We substitute the value of x from the third equation to (4.2) and get a quadratic
equation in the unknown o,

o5 + (0, +1)o, = (a* +a) o,(0, + 1). (4.3)

As 0, is an element of F, again by Lemma 1.4, the condition

2 2 2
Tr((a +a) 01> T (Mﬂzﬂ,) :Tr<“ +“) 0 (44)

o, +1 o, +1 o, +1
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must hold. We simplified the condition using the identity Tr(a?) = Tr(a).
By dividing (4.3) by o7 from both sides, the other trace condition takes the
form

2 2 2
O. O. O.
Tr (—%) =Tr (—22 + —2> +Tr (a2+a) +Tr (a +a) =Tr (a —I—a) =
o] oy O o} o}
Therefore we should count the number

Tr( ])—OandTr< 1):0}‘
1E 5 )

i,j=0 o, €F¢

N, = HcleF“

= Z(No,o +Ny1+Ng+N; )

where N, ; is the inner sum in the second line.

The number of codewords in the case (1a) is twice the number N,. This can
be seen as follows: for every o, which satisfies the trace conditions we have two
solutions 0, and o, + 0, + 1 for (4.3). The roles of y, and y; can be changed
without affecting the codeword and hence o, corresponds to one codeword. The
other solution 6, + 6, + 1 gives a different codeword since o, # 1. It also satis-
fies the trace condition Tr (0, + 0, +1)/0?) = Tr(0,/0}%) = 0 by the identity
Tr((a+1)/a*) =0

Clearly, N, = g —4. In the calculation of N, ; we use the substitution z =
(a*>+a)/(o,+1)

NO,I — Z (_I)Tr(‘élﬁ) — Z (_1>Tr(z)
o,cF z€F\{a?+a,0,a,a+1}

_ _(_1)Tr(a2+a) o (_I)Tr(O) o (_1)Tr(a) o (_1)Tr(a+l) —

By using the substitution z = (a* +a) /0,

Ng= ) (_1)Tr("{a> = )y (-1 =2,

o,€F z€F\{0,a*+a,a+1,a}

By the substitution z = 1/0, we get

N,= Y (_1)“(“2*“%1‘1’) — y (_1)

o,k zGF\{O,l 17L
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As in (4.4) we drop z from the last numerator and substitute u = z+ 1 and w =
(a®*+a)u.

(12 a
- (i)

weR\ {10,522

< (a2+a)2>

Tr| wt+-—;

= Z (—1) :K(a2+a)+1
weFR\{a?+a,0,a2+1,a2}

where K (a2 + a) is the Kloosterman sum, see Definition 1.6 and the remark below
it.By combining the above results we have

1
Na:Z(q—7+K(a2+a)).

The case (1b) goes almost as above. Now y, =a,y, =a+0;,x= 612 +ao, +
0,, the equation (4.2) still holds, but instead of (4.3) we get

07 + (0, +1)0, = (¢* +a) 0,(0, + 1) + o7 (0, + 1)*.

Therefore the task is to calculate the number

N, = Ho] cF’

Tr(4 4 0,+1) =0and Tr (234 +6,) =0 |
For every o, counted in N, we get two codewords as in the case (1a) but this time
every codeword is counted three times in the number 2N,,. This follows from the
observation that among the three coordinates y,, y,, and y; we can choose two
coordinates with three ways. The two chosen are identified with o, and o, and
the third one is equal to 6, +a. Therefore the number of codewords in the case
(1b) is equal to 2N} /3.

As above we know that N, , = ¢ — 4. With the substitution z = o, + 1 we have

Nyy= ¥ ()] -y ) - k(@ 4a) -3

o, €F? 4SO
{lz a
Nip= ¥ ()G9 - k(@ ha) -3
7 o, €F?
az a ﬂz a
Nip = Z (‘UTr(GiTJFTLH) =—-N,,=-K (“2+“) -1
' o, €F? 7

Then N}, = (¢—11—3K (a*+a)) /4 and the total number of codewords in the
cases (la) and (1b) together is equal to the number in Table 4.1:
2 q—T+K(a®>+a) q—11-3K(a*+a) 2(q—8)

2N, + =N! = =
+3 “ 2 - 6 3
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4.3.4 Cases (2a) and (2b)

The situation in the case (2a) is: x; =0, x, = 1, and y, = a. As above we denote
X =X3, 0, =y, +Y;,and 6, = y,y;. We have by (4.1) thatx, =x+1,y, =a+ o0,
and (4.2) holds, but this time the equation for ¢} gives

x? +x=a0;+ 0,.

By combining this with (4.2) we get 6, = 0, (a0, +a*+a) /(c, +1). As we are
interested in roots x which are in F the variable o, should satisfy

2
Tr | ac —1—61 (a61+a —|—a) =Tr azcl =Tr a +a*) =0 4.5)
! o, +1 o, +1 o, +1 '

by Lemma 1.4. On the other hand o, should also satisfy

2 2
T<i> :T<u) +Tr< a0, ) (4.6)
o; o(o,+1) o, +1
1 (a2+a)(61+1)+a20'1(0'1+1)
o (o, +1) o(o;+1)

2
:Tr<a +a+a2> =0.

0

In the first line we added a term which is equal to zero by (4.5).
This time we are interested in the number

M, = ‘{0'1 e F¢

Tr(“i%—i—a) =0 and Tr(GI“il—i—a) :0}‘

which is the number of codewords in the case (2a): for every o, satisfying the
trace conditions there is one ¢, and with them we get solutions x and x + 1 for the
equation (4.2), but they correspond to the same codeword.

We count the number M, as above. Clearly M, ; = g —4 and

My = ¥ oty e

o, €F¢ ZEF\{az—l-cua7 = ,0}

a

— 0 (—1)™@ _ (—yT(a)

Ml,O _ Z (_1)Tr(“iTa+a> _ (_I)Tr(a)NLO _ _2(_1)'1}(“)'

o, €F?
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We use the substitutions z = 1/6, u =z+ 1, and w = (a* + a) u and then

az+a + a2

M1 = Z (_1)Tr( o "1“) _ Z (_1)Tr<(a2+a)z+£—zl+g2>
T er\ {01,111}
oy et

ueF\{0,1,481, ¢,

’a Va+l

Tr{ w+ M—H) +a
— Z (_ 1) w
weF\{0,a®+a,a®+1,a2}

1

= (_I)Tr(a)K (a3(a+ 1)) _9_ (—I)Tr(aﬂ)_

‘We conclude that

1

M= (q —8—3(=1)™@ 4 (=)@K (a3 (a+ 1))) .
The case (2b) is linked with the case (2a) by the automorphism x +— x + 1.

Therefore the total number of codewords in the cases (2a) and (2b) is equal to

29—16+ (=)™ (K (a*(a+1)) =K ((a+1)’a)) q—8

Ma+M,, = 4 2

by Theorem 1.7. This is exactly the frequency given in Table 4.1.

4.3.5 Cases (3a) and (3b)

We have the following dependencies in the case (3a): x;, =0, x, =1, and y, = a.
As before we denote x = x5, 0; =y, +3, and 0, = y,y;. By (4.1) we know that
x,=x+1,y, =a+0o},(4.2)holds, and XH4x= 612 +ao, +0,. Asin the previous
cases we can solve 0, = (a+ 1)o,(0, +a)/(o, + 1) and the trace conditions get

forms

and

(a+1)o,(0, +4a) Ty o} +a’o,
o +1 o +1

3,2 2
o’ +a‘o 1o
:Tr<7l a 1+612+61>:Tr<7(a+ ) 1)-—0
o, +1 o, +1

Tr(of +ao, +0,) =Tr <612 +ac, +

We claim that the number of solutions to these two mutual trace equations is
equal to M ,: the substitution a@ — a+ 1 transforms the middle term in (4.6) to
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the former equation and the middle expression in (4.5) to the latter equation. Like
in the case (1b) every codeword is calculated three times and hence the number of
codewords in the case (3a) is equal to M, /3.

The cases (3a) and (3b) are connected via the automorphism x — x4 1 and
thus the number of codewords in the case (3b) is equal to M, /3. The total number
of codewords in the cases (3a) and (3b) is then

Ma+l +M, 49— 8
3 6
as claimed in Table 4.1. This concludes our proof for the main theorem.

4.4 Proof of Corollary 4.6

We prove that the number of supports of swe-type X® that include three fixed
coordinates does not depend on the coordinates.

Let us consider some consequences of Definition 2.11 and Corollary 2.32.
If ¢ € ¢, is some codeword with three fixed coordinates, we can choose the
corresponding positions of ¢(c) either from ¢; or cg. These eight left/right-
combinations of “binary” positions give us sets of codewords which we can count.

Take for example all three positions from the left side. The codewords of
¢ (%, ) that include these “binary” positions are images of Z,-codewords that have
either 1 or 2 in the three coordinates. If some position is chosen from the right
side then the corresponding Z,-codeword should have either 2 or 3 in this co-
ordinate. We illustrate half of the combinations in Table 4.2. The remaining four
combinations are obtained by multiplying the whole table by —1.

By Corollary 2.32 there are A, = (2q —4)(4q — 17)/60 supports ¢(c) of size
8 in ¢(%,) containing three “binary” positions. In Table 4.2 we list all possible
cwe-types of the corresponding Z ,-codewords ¢ of Lee weight 8. The frequency
column gives the number of codewords in one column.

In the case (a) the frequencies come from (i) in Example 2.26 and in the cases
(b) and (c) from Table 4.3 or [51]. We conclude that the codewords in the case
(d) in all left/right-combinations, that is, the codewords of swe-type X8, form a
3-design with repeated blocks and

Vg7 ((2q—4)(4q— 17) 5(q—8) 1) _ 4(44% —75q+404)

— .47
60 3 15 “.7)

We make this design simple using Lemma 4.4, Example 2.28, and Theorem
4.5. For every codeword ¢ of swe-type X® there is a codeword —c with the same
support and it can be excluded. This settles the supports of rank 0. For the supports
of rank 3 and 1 there are still 7 and 1 extra codewords, respectively, and therefore
the simple design has

A 324> —985¢+ 5892

A= o 7/12.28 - )*45 - 60
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Table 4.2: Half of the eight left/right-combinations

[Case [LLL [LLR [LRL |[RLL | Frequency |
@ 222 2 22 2 22 2 22 2 1
(o | 1T 1112 (113 1132 [131 1132 311 1132 | 3, g
111 1332 | 113 3332 | 131 3332 | 311 3332 3
211 1111 201 1111

© |211 1133 ;S i;g ;; gg 201 1133 a8
201 3333 201 3333
UL e g [ 120 T s ¢

© |121 1133 121 1133 a8
o1 3333 | 123 1333 | [ gaa3 | 321 1333 3
112 1111 | 112 1111

© | 112 1133 | 112 1133 | 132 1113|312 1113 48

L’J|

112 3333 | 112 3333 132 1333 | 312 1333
111 11111 113 11113 131 11113 | 311 11113
(d) | 111 11133| 113 11333 | 131 11333| 311 11333 ?
111 13333 | 113 33333 | 131 33333 | 311 33333

[Total[ 2, | X, 4 [ & | A |

4.5 Link between 3-designs with block sizes 7 and 8

There is a considerable similarity between the proofs of Theorems 2.30 and 4.5:
the calculations involve similar exponential sums and Kloosterman sum identities,
and also A’s are equal. This suggests that there might be a relation between the
blocks of these designs. Indeed, a strong structural connection is illustrated in
Table 4.3 and explained below. This link makes Theorems 2.30 and 4.5 equivalent
and §4.3 gives us a simpler and more uniform proof for Theorem 2.30 as the
original one [51].

We assume that we have three fixed coordinates and consider blocks contain-
ing them. The corresponding Z,-symbols in these positions are shown in the
Fix-column. Every block of size 8 is viewed as a codeword of cwe-type X 67>
and rank 1 but the blocks of size 7 are viewed as codewords of cwe-types X°Y,
X*YZ7?, and X?YZ* depending on the situation. The case notations refer to Table
4.1.

The correspondence between the two designs associates a block of size T with
a block of size 8 if and only if the difference of the corresponding codewords is in
the class (i), i.e., the support of the difference is a 3-flat.

We recall a few facts from the affine geometry, see Subsection 1.1.2: Every
set of three points defines a unique 2-flat. Furthermore, any 2-flat and a fifth point
determine a unique 3-flat. By (iii) in Lemma 2.21 a support of size 7 does not
contain a 2-flat and thus any four points within a block of size 7 can be uniquely
completed to a 3-flat. The intersection of two 3-flats can have only 0, 1, 2, 4, or 8
points.
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Table 4.3: Structural dependence of blocks in Theorems 2.30 and 4.5

Theorem 2.30 — Theorem 4.5 Theorem 4.5 — Theorem 2.30
Case Fix| |Comb| Freq Fix| |C0mb| Freq
1111112 11131113
33313111 13333111
(0a) 111 33111 2q-8) || 111 2111 g8
1111332 3 111131113 6
31133113 13311133 3
111 13113 111 2 133
1121133 111113113
31331 1311 2 113 331311
(1a) 111 31311 112 3 311
1121133 111113113
31 3113311 2 1| 1331133
1111 3311 g-8 1 133 2(q—8)
1121111 3 11313111 3
1]333 3111| 4 3| 1333111
113 13111 1 111
(1b) 1123333 11313111
1111 1111| 4 3 333333
113 31111 112 3 333
1321113 13111113
(2a) 3| 3311311 3 1(3 331311 2
1311 1311 1321 1 311 g8
211113 31111113 2
(2b) 3| 3311311 3 113 331311 2
3111 1311 2 1 311
323331 13311111
(3a) 1111 1111 313333333 2
133 11111 132 1 333 g—8
3123331 31311111 6
(3b) 1111 1111 313 333333 2
313 11111 3121 1 333

In Table 4.3 we describe all combinations that need to be considered. All other
cases come with the automorphisms as in Section 4.3. Every combination has
three rows: original codeword in the first row, the linking codeword with a 3-flat
support in the second row, and their sum in the third row. By suitable positioning
of 1’s and 3’s within a 3-flat we get the required connections. However, this is not
a 1-1 correspondence as we can sometimes associate a block of one design with
several blocks of the other design. This number is indicated in the Comb-column.

For example, in the first case in (1a) we can choose the position with 1 in the
3-flat from the two positions with 3’s in the original codeword. One 2-flat within
the 3-flat is indicated by underlining its coordinates. As the 3-flat and the sum
intersect in 5 points the sum has rank 1 and one of the 2-flats is underlined.
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The frequencies in the right side can be taken from Table 4.1 and then the
frequencies in the left side can be counted from the relations in the table. For
example, in the case (0a) we can construct one block of size 8 from one block of
size 7. On the other hand, from one block of size 8 we can construct four blocks
of size 7. Hence in this case there must be four times as many blocks in Theorem
2.30 as in Theorem 4.5.



Chapter 5

New 3-designs from codes ¥,, ¥,,
Y, and ¥,

In this chapter we generalize all the results from Chapter 4 for codes ¥, with
k € {2,4,8,16}. The parameters of the 3-designs are the same for every k.

5.1 Main results

The results are presented compactly with the class notation from Section 4.1.
Theorem 5.1. The class (ii) forms a 3-(q,8, 5 (¢ — 8)) design fork € {2,4,8,16}.
The proof of this main theorem is postponed to the next section.

Corollary 5.2. The supports of size 7, the class (C), and the class (B) define 3-
designs when k € {2,4,8,16}.

Proof. The link in Section 4.5 does not depend on k and therefore Theorem 2.30
holds for those values of k for which Theorem 5.1 holds. Also the arguments in
the proofs of Corollaries 4.6 and 4.7 are valid for every k. O

Corollary 5.3. The class (D) and the supports of size 8 form 3-designs when k €
{2,4,8,16}.

Proof. The proofs of Corollaries 4.8 and 4.9 need the knowledge of cwe(%,) or,
actually, the number of codewords of hwe-type X®. We could not find any res-
ults about cwe(%,) in the literature but we suspect that it is exactly the same as
cwe(9,). Fortunately, we can count below that the number of supports in the
class (D) is the same for all k. As the number of other supports of hwe-type X is
already known to be the same for the considered values of k, the claim follows.
We know by (iv) and (v) in Lemma 2.21 that the codewords of swe-type
X°Y? are of cwe-type X 3Y27, X3Y2Z3, and XY2Z>, and that there are always two



58 New 3-designs from codes ¥,, ¥,, ¥;, and ¢,

codewords for one support. Therefore we count only the codewords of cwe-type
X3Y?Z and half of the codewords of cwe-type X3Y2Z3.

Let ¢ € %, be a codeword with weight 6. If we view ¢ as a word of cwe-type
X®in ZZ, we see that it satisfies the two equations on the right in (2.2). We can add
an odd number, say s, of 2’s in arbitrary positions y; without affecting the validity
of these equations, so that the first equation will also hold. When the equation

is satisfied we have a codeword in %, .

Let us count the number of supports of cwe-type X Y2Z, which means that
s = 3. We can choose a 3-position y, in 6 ways from S = x(c). Let y, getallg—6
values outside the support S and this determines the third position y; uniquely. If
y3 is in §, we have a codeword of cwe-type X Yy or X*YZ?. Excluding these 6
choices we have ¢ — 6 — 6 codewords of cwe-type X°Y2Z. Every codeword was
counted twice as the roles of the variables y, and y; can be changed. With the
choices of y, there are 6(q — 12)/2 = 3(g — 12) codewords d of cwe-type X°Y2Z
such that u(d) = c.

The above considerations go similarly with supports of cwe-type X3Y2Z>.
Now s = 5 and we choose 3 positions from S with (g) = 20 ways but every
two choices correspond to the same support. Hence we consider only 10 dif-
ferent choices. Now y,, y,, and y; are fixed within S and we let y, go through
F\ S. This determines y5 and if it is in S we get codewords of cwe-types X 4yz?
and X?YZ*. Again, the roles of y, and ys are interchangeable and we have
10(g —12)/2 = 5(q — 12) different supports.

We can lift ¢ to a support of swe-type X°Y? with 8(¢ — 12) different ways. By
Theorem 2.23 and (i) in Example 2.27 there are for every k

o220 /) -3 /)

supports in the class (D) and this corresponds to A in Corollary 4.8. O

The Lee weight distributions of the codes %k are equal [22] and also the coset
Lee weight distributions of these codes are the same [27]. In Chapter 3 we intro-
duced a unified decoding algorithm for all these codes. It would be surprising if
they would not yield designs with the same parameters.

Conjecture 5.4. All the results in Chapter 4 hold for every k.

5.2 Proof of Theorem 5.1

We have the same situation as in Section 4.3 except k # 1. The case notation refers
to Table 4.1.
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5.2.1 Syndrome equations

We simplify the equations (2.2) as in Subsection 4.3.1. Assume we have a code-
word in the class (ii) with a support {x,X,,X3,%,,,,,¥3,Y4} such that x;’s and
y;’s form the two 2-flats, respectively. Assume further that the codeword is of
cwe-type X672 and the two 3-symbols are in the positions x, and y,. The support
should then satisfy

03(x;) = 03(y;) (5.1

For the definition of ¢} see Subsection 4.3.1.

We could use Theorem 1.13 to represent the last equation with 6’s. When k
is 2 and 3 this equation becomes 0, (x;)05(x;) = 0,(y;)05(y;) and 0, (x;)* 05 (x;) +
0;(x,)* = 0,(3,)° 05 (y;) + 05(y;)?, respectively. This suggests that it may be sim-
pler to keep the last equation in the power sum form.

5.2.2 Cases (0a) and (0b)

By (i) in Example 2.27 there are (¢ — 8)/6 codewords of Hamming weight 6 in
%, that contain the three fixed coordinates. These codewords can be uniquely
lifted to codewords in %, of cwe-type X 6y the codeword of P, satisfies two of
the four equations in (2.2) and suitably positioning a single 2 makes the remaining
two equations hold, too. This 2-symbol can not be within the original support of
size 6 as d; (¥,) =8.

As in the case (0a) in Table 4.3 we choose two 3-positions in three different
ways outside the three fixed positions and lift the corresponding word uniquely to
%, as above. We have all in all (¢ —8)/6+3(q—8)/6 = 2(q — 8)/3 codewords
of swe-type X%Y in the case (0a) in Table 4.3 and therefore (g — 8)/6 codewords
in class (ii). The value in Table 4.1 is valid for all k£ and the case (0Ob) comes with
automorphisms as in Subsection 4.3.2.

Actually, we could replace Subsection 4.3.2 with the link in Section 4.5 and
the above argument.

5.2.3 Cases (1a) and (1b)

Next we study the case (1a). We have the same situation as in the subsection 4.3.3:
x;=0,x,=1,x3=x,x, =x+1, y, = a. We simplify notations by setting y, =y,
y3=2zandy,=a+y+z.

The syndrome equations (5.1) imply that x = a(y +z) + yz and

1+x2k+1+(x+1)2k+1 :a2k+1+y2’<+1+Z2k+1+(a+y+z)2k+1'
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Substituting the first equation to the second we get
W({U+V)=UV

where W = a+a2k, U= y+y2k, andV = z+zzk for any k.
By Lemma 1.5 the mapping u — u + u* is two-to-one and its image is T, =
{u € F | Tr(u) = 0}. Now we have for all k the following equation

WU+V)=UV  WU\VEeT, (5.2)

In Subsection 4.3.3 we noticed that the number of solutions does not depend
on a when k = 1. Therefore the number of solutions of (5.2) does not depend on W
and this holds now for all k. One value of W = a +a*' corresponds to a and a+ 1
simultaneously but this is not a problem since there are equally many codewords
for the values a and a+ 1 as can be seen via the automorphism x — x+ 1. Hence
the number of solutions of (5.2) does not depend on a.

In the case (Ib) we have x; =0, x, =1, x;=x, x, =x+ 1, y, =y, 9, =2,
y; =a+y+z andy, = a. By (5.1) we derive x = a(y +z) +yz+ (y+2)? and

WU+V)=UV+U+V)? WUV ET,
With the same argument as above the number of solutions depends neither on k nor

on a. Considering U and V as roots of a quadratic equation 7%+ (U + V)T = UV

we see also that the value of
(W
U+V

determines whether the solution (U, V) belongs to the case (1a) or (1b).

5.2.4 Cases (2a) and (2b)

Let us consider the situation as in Subsection 4.3.4: in the case (2a) we have x; =0
and x, = 1, and in the case (2b) x; = 1 and x, = 0, and in both cases y, = a. We
denote x = x5, 0, =y, +3, and 0, = y,y;. One of the equations

x+x*=aoc,+0, (2a)

) (5.3)
l+x+x"=ao, +o0, (2b)
holds and now the third equation in (5.1) transforms to
x+x2k — a2k+1 +y2k+1 +Z2k+1 + (Cl"‘ 01)2k+1. (54)

Suppose now that & is even. With a telescopic identity

.~ N 2
et = Y () = ¥ (1t )
i=0 i=0
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we can consider the cases (2a) and (2b) simultaneously and writing (5.4) down
with a Dickson polynomial, see Subsection 1.1.3, we derive

k-1

i k k
Z;,)(aol "‘%)2 =a* ! +D2k+1(0-1762) +(a+01)2 I
=

We substitute 0, = T+ ac, +a* and get
k=1

Z (T+az)2i — 2 p
i—0

241 (0,,T +ac,+a*) +(a+01)2k+1- (5.5)

By Lemma 1.15 and the identity a® ! + (a4 ;) +! = Dy, (0),a0, +a*) we
have

k—1 9i
Y (T+a*)" =D
i=0

2k41
sy (0, T) + 0 1

By regrouping the terms we arrive at the equation

k—1 ) ) k )
R(T):= Y (o717 1) 17 = Y o (5.6)
i=0 i=1

We try to count the solutions 7', and hence G,, of the above equation for each
0, € F* =F\{0,1,a,a+ 1}. This restriction assures that the extra codeword of
cwe-type Y# is not included to the solutions, as in Subsection 4.3.3.

The polynomial P, (T') is linearized, see Definition 1.9 and [37, Section 3.4].
Below we seek to give a decomposition of this linearized polynomial into linear-
ized factors of degree 2 and to that end we introduce the following two auxiliary
families of polynomials and their properties.

Definition 5.5. r;(s) =Y o5/ and wy(s) =X, (})ri(s)* .

Lemma 5.6. The polynomials wy(s) have the following properties:
(i) Wyy1(s) =wn(s)?+ (5% +1) wa(s) +52"" 41 with wi(s) =s2+s+1;
(ii) wn(s) # 0 for every s € F;

(iii) Tr (w,. (s)/wa(s)?) = 1;

(iv) wy_(s)*-(s+1) = D22,+1 (s+1,1) is a permutation polynomial.
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Proof. The fact (i) can be seen as follows:

v =5 (7)) + (2)) o

= s+ X (1) 00+ 07 () + 1) (o)

n n n n i n
= o} T + 14+ wy(s) (52 +1> + 52 Z <z> +wa(s)?

i=1

— 2 +wi(s) (szn + 1) +wp(s)2.

For the fact (ii) suppose that w,(s) = 0 for some s € F. If s = 1, we see by (i)
inductively that w,(1) =w,_ (1) =--- = w,(1) = 0 contradicting w, (1) = 1. If
s # 1, we have aroot W =w,_,(s) € F of the quadratic equation

w2+ (sz"fl +1)W+s2"+1 =0

by the recursion formula (i). Lemma 1.4 then implies a contradiction (recall that

m is odd)
2" 1
(=) () =o.
(sznfl + 1)

The same argument applies also for the first polynomial w, (s) = 5?45+ 1.
Now the fact (iii) is an easy consequence of (i) and (ii)

w1 (s) s¥ 41 21’
ﬂ‘lﬂ—):ﬂl+ +( ) =1.
( wp(s)? Wa(s) Wa(s)
For the fact (iv) we derive by (1.2)

D (s+1 1) ;2 /.
22 1 ’ 22 Z 2% 7
—_— = S—l—l + S—l—l

ol 21 ol 2
=5 +Z ((s—H)2 _1>
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Since gcd (221 +1,22m — 1) = 1 the Dickson polynomial is a permutation poly-
nomial by Theorem 1.17. O

Definition 5.7. Let Q,(T) be a composition (with respect to the variable 7 and
from right to left) of k — 1 quadratic linearized polynomials

Q,(T) = (T2+Wk—1 (61)T) © (T2+Wk—z(61)T) ©-0 (T2+W1(61)T) :

We will see that the conjecture below implies Theorem 5.1 and hence all
designs in Chapter 4 for every k = 2! which is a power of 2. This would be also a
nice result since often almost every k can be represented as a power of 2 modulo
m.

Conjecture 5.8 (Special case of Conjecture 5.4). For every | > 1 the equation
P, (T) = (0, +1)Q,/(T) holds.

Fartial verification. We have verified the claim with Mathematica forl =1,2,3,4.
This explains why we state Theorem 5.1 only for ¢,, ¢,, %, and ¢, . O

Example 5.9. The conjecture can be proven easily without a computer in the first
two cases:

O,(T)=T?+w,(6)T =T*+ (67 +0,+1)T

(T?+w3(0))T) o (T +w,(0))T) o (T2 +w,(0,)T)
(T*+ (o} + 0/ + 067 +0f +0] +0,+1)T) 0

(T*+ (0] + o} +0f +0,+ 1)T) o (T*+ (0] + 0, + 1)T)
(T*+ (o + 0/ + 07+ 0] +0] +0,+1)T)o

(T*+(0f +0)T* + (07 +0f + 0} + o + 1)T)

=T34+ (P + -+ )T+ (0> +- -+ D)T? + (6]* +---+ )T

We mention that in the cases k = 3,5,6 we do not get a decomposition like
Q,(T) and it may be that this approach is not applicable when k # 2!,

The next theorem shows how we can count the number of solutions of (5.6)
and complete our proof using the decomposition of 0, (T) and Conjecture 5.8.

Theorem 5.10. For every | > 1 the equation (6, +1)Q,(T) = ):,2;1 a® has ex-
actly (q—8)/2 solutions which satisfy the conditions 6, € F* and Tr (6, /0}) =0.
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Proof. By the definition of Q,,(T') the equation splits into a chain of 2! — 1 nested
equations

2l
(6, +1)|U3_, —|—w21_](61)U21_1] ~y &
i=1

U221—2 Fwy ,(0)Uy , =U,

6.7

U3 +wy(0))U, = U,
Ui +w,(0))U, =U,.

We show that the first equation has two roots for (¢ — 8)/2 values of o, € F* and
that when we substitute these roots to the next equation this second equation has
two roots for exactly one of the previous roots. And so on; we can always “drop
down” one of the two roots.

We start now by studying the first equation in (5.7). By Lemma 1.4 and (iv)
in Lemma 5.6 it has two roots if and only if

2l i 2l i
Tr Zf:lza —Tr Li1d —0. (5.8)
wy_,(07)%(0)+1) D221+1(61+171)

The denominator in the trace expression is a permutation polynomial with respect
to the variable 6, and hence (5.8) has exactly ¢/2 — 4 solutions o, € F* if

(a) the numerator is nonzero and
(b) every o, € {0,1,a,a+ 1} is a solution.

Let us consider first the fact (a). We calculate the kernel of a linear polynomial

mapping p:F = F, x— p(x) = ,2[:1x2i. We claim that

kerp={xeF|pkx)=0}={0,1}

which is equivalent to the identity ged (p(x),x+x?") = x+x%. Both polynomials
are linearized and let us consider the conventional 2-associates of them (see [37,
Section 3.4] for linearized and conventional 2-associates):

2! 201
ged ( X1 +xm> =gcd ( Y X +xm> divides
=1

i i=0

ged (1 21 +x'"> ] aed(@m) Z

Then the linearized 2-associate is the claimed x 4+ x. On the other hand, it is
clear that the kernel contains {0, 1}. So the numerator in (5.8) is nonzero because
a c F™,
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In addition, the mapping p is two-to-one and therefore the solutions of the
original equation correspond exactly to the cases with a and a + 1 simultaneously,
i.e., the cases (2a) and (2b) are grouped together.

For the fact (b) we consider (5.8) with 6, € {0,1,a,a+ 1}. When o, = 1 the
denominator in (5.8) is equal to zero and this corresponds to Tr(0) = 0. If o, =0,
then D22,+1 (1,1) = 1 and the equation holds. In the case o, = a+ 1 we show that
a quadratic equation

2 s 2!
1% +D22,H(a,1)V: Y a
i=2

has a solution which implies

241 o 2 2
{1 QR HCAR I WY D V= Ly ) (5.9)
D (a, 1) D221+1(a7 1)

224

This solutionis V = 21-2]:0 D221+]_2i (a,1) which is a sum of Dickson polynomials

with degrees coming from a Dickson polynomial. We get

2! 2!
2
v +D22’+1 (a, )V = ZD22’+1+272i+1 (a,1)+ Z;D22’+1+22’+172i(a’ 1)
=

i=1
2/

+ z"D22’+1—<221+1—2i) (a,1)

i=1

2! 241
:DZ(aa 1) +D221+1 (aa 1) + ;sz(a’ 1) = Zé az .
i= =

By substituting a — a + 1 in (5.9) we see that (5.8) holds also when ¢, = a and
this completes the proof of the fact (b).

We conclude that the first equation in (5.7) has two solutions U,, , andU,, ,
w,,_, (o) for (g —8)/2 values of o, € F*.

The other equations have two solutions U, and U, + w;(o,) if and only if
Tr (U, ,/w;(0,)*) = 0. Since

Tr<—U"+‘ +W"+‘2<Gl)> :Tr< Ui 2> +1
w;(o) w;(oy)

exactly one of the solutions U, | and U, +w,, ,(0,) satisfies the trace condition
of the next equation. In the last equation we have solutions 7 = U, and T +w, (0, )
but exactly one of them satisfies the condition Tr (62 / 612) =0:

T +ac, +a® T 2 T
Tr<+“72‘+“> :Tr<—2> +Tr<i+“—2> =Tr<—2> (5.10)
O Oj o, Oj Oj

_l’_
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and
T c T 1+ 0,+02 T
Tr <+W412(1)> ~Tr <—2) +Tr <¥) :Tr(—z) +1.
0] 0] Oj 0]

We have (¢ —8)/2 solutions (0,,0,) which give us the variables y and z. The
variable x can be solved from exactly one of the equations (5.3). The other solution
x+ 1 refers to the same codeword and all in all we have (¢ —8)/2 codewords
containing the three coordinates 0, 1, and a.

O

5.2.5 Cases (3a) and (3b)

The setting and the notation are the same as in the Subsection 4.3.5. This differs
from the previous subsection such that the equations (5.3) are replaced by

x+x*=ao,+0,+0f  (3a)

(5.11)
l+x+x*=ao,+0,+0f  (3b)

so there is one additional term o7 in both equations. The ideas are exactly the
same as above. By substituting 6, =T +ao; + a’+ 612 we replace (5.5) by

k=1 21 k
Y (T+a*)" =a>'+D
i=0

%41 (0,,T +ao, + a+ 612) +(a+ o, )zk+1

and using twice Lemma 1.15 we have

k—1 .

21
Y (T+a?)" =Dy, (0,,T)+ (k+ 1)o7 .
i=0

When £ is even we get the same equation (5.6) as above and when k is a power of
2 we can also calculate the number of roots.
Theorem 5.10 holds also in the present case and replacing (5.10) by

T +ac, +a*+ o2 T
Tr( Tao, ta 1>=Tr(—2>+1
Oj Oj

we see that the solutions in this case are exactly those which were ruled out in
the last step of Theorem 5.10. Again the variable x can be solved from one of
the equations (5.11) but this time every codeword is counted three times as in
Subsection 4.3.5. All in all we have (¢ — 8)/6 codewords containing the three
coordinates O, 1, and a.
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5.3 Nonequivalence

It is natural to ask whether some of the 3-designs constructed from the codes ¥,
are equivalent for some k and k'

Conjecture 5.11 BCH). The minimum weight codewords, i.e. the codewords of
Hamming weight 6, generate the codes %,.

Partial proof. We have verified this claim by computer for codelengths < 2°. [

By (v) and (iv) in Example 2.8 this conjecture holds for Reed—Muller codes
and RM(m—3,m) C %, C RM(m—2,m) and therefore the conjecture seems quite
natural.

Theorem 5.12 (Assuming BCH-conjecture). The designs with block size 7 from
the codes 4, see Theorem 2.30 and Corollary 5.2, are pairwise nonequivalent for
different values of k.

Proof. Suppose we have two equivalent designs (F,B,) and (F,B,,) with block
size 7 corresponding to values k and k. So we have a permutation p : F — F
such that B, = p(B,). We will deduce below that %,, = p(%,) which implies by
Example 2.7 that K’ = k.

Consider arbitrary block b € B,. Itis a support of swe-type X %Y in ¢, which
can be divide into two parts: a X®-part which is a support in %, and one 2-position.
We have all in all 16 blocks in B, which contain the same X 6_part: one support of
cwe-type X°Y and 15 supports of cwe-type X*YZ2, see Subsection 5.2.2 for the
lifting procedure.

Let b' = p(b) so b’ € %,, and b’ consists of two parts as above. If the p-image
of the X®-part of b differs from the X °-part of »’, we have two codewords of weight
6 in %,, which intersect in exactly 5 positions. This contradicts with the minimum
distance of %,,. We conclude that p must map a minimum weight codeword of
%, to a minimum weight codeword of %,, and assuming BCH-conjecture we see
that p is a permutation of the codes %, and %,,. (]

We suspect that all designs considered are nonequivalent for every k (if they
are not equal) but we could not prove it.

Conjecture 5.13. All designs in Chapters 4 and 5 are pairwise nonequivalent for
every k.






Conclusions and open problems

We have examined the Z,-Goethals codes and their low-weight codewords. Some
systems of equations connected to them were solved by representing the equations
with Dickson polynomials and also some results about the Dickson polynomials
were obtained in the course of study.

We introduced a unified decoding algorithm for all the codes %, which corrects
all error patterns up to the error-correcting capability. For the code ¢, Helleseth
and Kumar [21] presented even a complete decoding algorithm which suggests
the following problem.

Problem 1. Find a complete decoding algorithm for all the codes ,.

We showed how several new families of 3-designs with block size 8 can be
defined with the supports of codewords in ¢,. There are still some sets of sup-
ports that seem to define 3-designs. We have verified some cases by computer
calculations, but have been unable to find general proofs.

Conjecture 4.13. The class (iii) forms a 3-design.

We generalized all the results in Chapter 4 to some codes ¢, but, unfortunately,
we could not do this for other values of & than 2,4, 8, and 16.

Conjecture 5.4. All the results in Chapter 4 hold for every k.

We could not find any results about cwe(%, ) in the literature. Fortunately, we
could prove Corollary 5.3 without this knowledge.

Problem 2. Is cwe(¥,) the same for all values of k?

The study of the nonequivalence of the 3-designs in Chapter 5 aroused a claim
concerning the structure of two-error-correcting BCH codes.

Conjecture 5.11. The minimum weight codewords, i.e. the codewords of Hamming
weight 6, generate the codes %,

This conjecture was used to obtain a partial result of the following general
conjecture.
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Conjecture 5.13. All designs in Chapters 4 and 5 are pairwise nonequivalent for
every k.

The study of this thesis can be expanded to many directions. As sugges-
tions for further research we conclude with two problems which were completely
sidestepped in this thesis.

Problem 3. Can one define 3-designs from larger supports of the codes 4, ?

There are probably many designs definable from the supports of codewords in
the codes ¢, but the methods in this thesis may be inadequate and cumbersome
for larger supports.

Problem 4. What is the most general adaption of the Assmus—Mattson theorem
in the Z,-domain? Can one use the notion of lifting rank in this setting?
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