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Abstract

Analyzing the consistency of preferences is an importaey 8t decision mak-

ing with pairwise comparison matrices, and several indi@ge been proposed
in order to estimate it. In this paper we prove the proposiiy between some
consistency indices in the framework of the Analytic Hietgr Process. Know-

ing such equivalences eliminates redundancy in the coraide of evidence for

consistent preferences.

Keywords: Analytic hierarchy process; consistency indices; paievgismparison
matrices; reciprocal relations



1 Introduction

Measuring the inconsistency of anx n pairwise comparison matrix — that is,
assigning a numerical value to “how much” the matAix= (a;;),x, deviates
from one indicating consistent preferences — is an importzae in the Analytic
Hierarchy Process (AHP), as well as in other alternativehioad of decision-
making.

The oldest and most commonly used measure is the consisitetey, C'/,

introduced by Saaty [17],

CII )\max_n

n—1

: (1)

where ). IS the maximum eigenvalue &. After Saaty, several other authors
proposed different consistency indices in order to find tlustnsuitable way to
estimate “how far”A is from the consistency condition

QA5 = Ak Vi, 7, k. (2)

Note that Saaty’s definition (1) is based on the fact thatafpositive reciprocal
matrix, condition (2) holds if and only k., = n.

Appropriate consistency evaluation of elicited prefeemis seen as important
largely because the achievement of a satisfactory consistevel is viewed as a
desirable property. The more consistent are the prefeserfca decision maker,
the more likely he/she is a reliable expert, has a deep ihsighthe problem, and
acts with attention and care with respect to the problemhieeis facing. Con-
versely, if judgements are far from consistency, i.e. thheyheavily contradictory,
it is likely that they were given with poor competence andecaBeveral incon-
sistency indices have been already proposed in literabugstimate the degree of
incoherence of judgements [2, 3, 4, 6, 10, 11, 15, 16, 21]

If two indices are proportional, it is important to know thproportionality for
two reasons. From an empirical point of view, they shouldb®tonsidered as
contributing independent evidence for the consistencyaftgect’s preferences.
On the other hand, from a mathematical perspective, theiivalgnce may be
taken to suggest that they represent an important quantity.

2 Pairwise comparison matrices and consistency in-
dices

Given a set of alternative¥ = {zy,...,x,} (n > 2), a pairwise comparison

matrix A = (a;j)nx, IS @ matrixA € [1/9,9]™*™ with (i) a;; = 1 Vi and (ii)

a;ja; = 1 Vi, j wherea;; is a multiplicative estimation of the degree of prefer-
ence ofz; overz; [17]. The comparison scale ranging from 1 to 9 was employed
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by Saaty based on experimental evidence [13] that an ingaidannot simul-
taneously compare more thant 2 objects without being confused. A pairwise
comparison matrix is considerednsistent if and only if the following transitivity
condition holds:

Qik = Qijajx Vi, J, k. 3)
If A is consistent, then there exists a vector= (wy, . .., w,) such that
Wi . .
aij = — Vi, J. 4)
Wy

In this case, the vectar can be obtained using the geometric mean method:

w; = (ﬁ aij> " Vi. (5)

Some other types of matrices have been proposed in ordeirtag@compare
alternatives, and perhaps the second best known apprdsahtheat of Saaty, is
based orreciprocal relations [22]. Reciprocal relations, which are sometimes
also called fuzzy preference relations, can be represdiyjtedeans of matrices
R = (74j)nxn With (i) r; = 0.5 Vi and (i) r;; + r;; = 1 Vi, 7 wherer;; is an
estimation of the degree of preference givemteompared withe;. Tanino calls
a reciprocal relation matriadditively consistent if

Tig — Tik — Tkj +0.5=0 vZlyj7 k. (6)

Pairwise comparison matrices and reciprocal relationstlaeretically in-
terchangeable representations of preferences, relavgbieeans of a function
f:[1/9,9] — [0, 1] defined in [7] as follows

rij = flaiy) = %(1 + logg aij), (7)

and its inverse
ay = [ (ry) = 9209 (8)

Under this transformation, giveA = (a;;) andR = (1)), if ri; = f(a;;) Vi, 7,
thenA = (a;;) andR = (r;;) can be considered to represent the same preference
configuration.

Besides Saaty’s consistency index (1), several other densigindices have
been proposed in the literature so far, and in this short pageestablish the
proportionality between two pairs of them. Hence, let ug fargefly recall the
definitions of the four consistency indices at issue.
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2.1 The Geometric Consistency Index

The geometric consistency index [1, 5] is based on the demsbf the entries,;
of A from the consistent values; /w;, where the weight vectox = (wy, ..., w,)
is given by (5). It has the following formulation:

2 n n )
GCI = (n_l)(n_2)22m €ij (9)

i=1 j>i

with e;; := a;;(w;/w;) being a local estimator of inconsistency a@gm a
normalization factor.

2.2 The index of Lamata and P&ez

The index of Lamata and Rz [12, 14], denoted by *, is based on the property
that three alternatives;, x;, z;, are pairwise compared in a consistent way if and
only if the determinant of the corresponding pairwise congoea matrix of order
three

1 a,-j ke
Az = t L ag (10)
L1
273 ajk
is equal to zero,
det(Agyy) = —k  Qa%k o _ (11)
QA 5k Ak

Based on this property, the authors define the consistenex {fid* of ann x n
pairwise comparison matriA as the mean value of the determinants of all the
3 x 3 submatrices oA\.

2.3 The indexcs

Shiraishi et al. [18, 19, 20] proposed, as a consistencyxinfl@ pairwise com-
parison matrix, the coefficiert of its characteristic polynomial.

PaN) ="+ X" T e d e,
They proved [18] that3(A) < 0 for every pairwise comparison matri, with

c3(A) = 0 if and only if A is consistent, which justifies its use as a consistency
index.



2.4 The indexp

The indexp for reciprocal relations [8, 9] is based on an index of localgistency
associated with the triplét:;, z;, z;), that is

t?jk = (Tij — Tk — Tkj —f- 05)2 (12)
which clearly derives from (6). Fedrizzi and Giove [9] define global consis-
tency index as the mean value of the local consistency indareall the possible
triplets (z;, z;, x)), obtaining

n

p= Z (rij — rig — Tj + 0.5)2/ (g) (13)

i<j<k

3 Results

In this section we prove that the indexis proportional taC'7*, and the index
is proportional toaGC'I.

Proposition 1. Given a positive reciprocal matrix A,,.,, withn > 3, the consis-
tency indices c¢3 and C'1* satisfy the equality
= — <g> cr*. (14)

Proof. Consistency index’'I* is the mean value of the determinants of all the
3 x 3 submatrices (10) oA, and therefore,

cr = izn: En: ( Tk Sk 2)/(2) (15)

i=1 j>i k>j ik ik

Furthermore, since is positive and reciprocal, by expandidgy (\) (see [18])

one obtains S
a=333 (2 - e ) (16)
i=1 j>i k>j @ij ik Gk
Then, equality (14) follows from (15) and (16). ]

If in this case the similarity between the two indices wadejalear, then the
same cannot be said about the next two. For this reason, préweous proof was
straightforward, the next involves more computations.

Proposition 2. Given areciprocal relation R = (r;;),x» , the consistency indices
p and GC'I satisfy the equality

3

~ 41n%(9)

P GCI (17)

for everyn > 3



Proof. For later convenience, letting; = r;; —0.5 allows us to writer;; +1;; = 1
property asy;; = —q;;. Then, (8) becomes;; = 92%i. Now, writet;;; = r;; —
rir — i +0.5 = ¢;; + ¢;1 + @ SO that, from (13), the indgxcan be reformulated
(see [9]) as

u n
p = Z(Tij — Tik — Tkj + 05)2/6 (3)

ijk

s /i)

ijk

Let us rewrite the Geometric Consistency Index (9) for rexpt relations by
applying (7). From (5),
2
logg w; = n zk: Qik

and thus, from the definition of local inconsistengy:= aij% in (9),
nlogy(e;;) = 2ng; +2 Z(ij — qik)
k
= 2 Z(%’j + Gjk + qri)
k

= 2> tin
k

so the Geometric Consistency Index equals

GCI = (n—l n=2) ZZIH €ij

i J>i

= (n—l Zln €ij

B In?(9)

= D Z( thk)
41n*(9)

T 2(n—1)(n—2) Z (Zt”k>

At this point, the proportionality clairp o« GC'I is equivalent to

wo s 3(3e)

ijk




(where the constant of proportionality could depenchpn
First, let us compute the LHS:

B = a5+ Cp + ah + 20050k + G + Qidis)

LetS = ¢ andC =) _ g;jq;- Summing the expansion of, one term ata

_ ij ijk

time,
= S s
ijk ko ij

and by symmetry,

quzk = Zq;i =nsS.

ik ik

Zqz'j%k = qu'kai = Z%z’qij =C.

ijk ijk ijk

Similarly,

Hence,

LHS =) "2, =nS+nS+nS+2(C +C+C) =3(nS +2C).

ijk

Next let us compute the RHS, first by rewriting:

2
RHS = Z (Z tijk;) = Z (Z tijktijl> = Ztijkztijl
ij k kl

ij ijkl

tijetin = (@Gj + Gk + @) (@G5 + G + @)
%2]- + Qi + 9% + GG + Gk T GG+ ki + Qi T Qridi

The 1st term sums to

D 0= 2 4 =n"5.
K ij

ijkl
The 2nd term sums to
Z Qijq51 = Z Z qijq;1 = nC.
ijkl kgl
Similarly, the 3rd, 4th, and 7th terms respectively sum to

Z Qiiqi; = Z qijqjk = Z Qriqi; = nC,

ijkl ijkl ijkl



whereas the 5th and 9th terms each sum to
Z — ki = Z —qriqi = —nC.
ijkl ijkl

The 6th term sums to

> g = (Z ij> (Z CM) = (0)(0) =0,

ijkl

and similarly the 8th term sums
Hence, the total sumis
RHS = n?S+nC+nC+nC —nC+0+nC +0—nC

= n2S +2nC

= n(nS+20)
S0 we obtain the proportionality

LHS _ 3(nS+2C) 3

RHS  n(nS+2C) n’

and recover

p LHS n*(n—1)(n—2) 1
GCI ~ RHS — 4m*9)  6(7)
_ 3n(n—-1(n-2) 1
41n*(9) n(n—1)(n —2)
B 3
410%(9)

O

Note that the constant of proportionality betwegandC'I* depends on the num-
bern of alternatives, whereas the one betwpemdGC'I does not. Propositions
1 and 2 can also be represented graphically. We randomlyaedea large num-
ber of pairwise comparison matrices (or, equivalentlyjmexal relations) and
associated each of them with a point on the cartesian planegias coordinates
the corresponding values of the two consistency indiceswed in proposition 1.

As expected, all the points lie on a straight line. The sankdsfor proposition 2.

4 Conclusions

When making use of the various indices observed and proverogional in this
paper, we believe it is important that the applied mathestatibe aware of their
equivalence. This avoids redundancy in the considerafi@vidence for consis-
tent preferences, and allows existing results proven feriodex to apply directly
to other indices which are proportional to it.
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